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Abstract 


This paper is devoted to reaction-diffusion equations with bistable nonlinearities 
depending periodically on time. These equations admit two linearly stable states. 
However, the reaction terms may not be bistable at every time. These may well be 
a periodic combination of standard bistable and monostable nonlinearities. We are 
interested in a particular class of solutions, namely pulsating fronts. We prove the 
existence of such solutions in the case of small time periods of the nonlinearity and 
in the case of small perturbations of a nonlinearity for which we know there exist 
pulsating fronts. We also study uniqueness, monotonicity and stability of pulsating 
fronts. 

Keywords: Bistable reaction diffusion equation; Pulsating front; Time periodicity. 


1 Introduction and main results 


In this paper we investigate equations of the type 

u t ~ u xx = f(t, u), t 6 1, x 6 1, 


( 1 ) 


where 


f T (t + T,u) = f(t,u), Vt G R, VuG [0,1], 


and 


f T (t, 0) = f(t, 1) = 0, Vf G R. (2) 


( 2 ) 


Throughout this article, we assume the function f : R x [0,1] —» M is of class C 1 with 
respect to t uniformly for u G [0,1], and C 2 with respect to x uniformly for t G R. The 
main hypotheses imposed on the function f are the following 



( 3 ) 


We say the function f is bistable on average if it satisfies hypotheses ([2]) and (J3J) . 
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We begin by recalling the definition of monostable and bistable homogeneous nonlinear¬ 
ities. A function / : [0,1] — }> R is said monostable if it satisfies /(0) = /(1) = 0 and 
/ > 0 on (0,1)- If in addition to this we have f{u) < f(0)u on (0,1), we say that / is of 
KPP type. A function / : [0,1] > R is called bistable if there exists 9 G (0,1) such that 

/(0) = f{9) = /(1) = 0, / < 0 on (0, 6) and / > 0 on (0, 1). 

We give now two examples of bistable on average functions / T :Ix [0,1] —>• R. The first 
example is a bistable homogeneous function balanced by a periodic function depending 
only on time. Namely, if g : [0,1] —>• R is a bistable function and m : R —X R is a T-periodic 
function, then the function f T defined by f T (t, u ) = m(t)g(u) is bistable on average if and 
only if the quantity 4 f^ m(s)ds is positive and both (/(0) and g'iX) are negative. The 
second example of bistable on average function is a combination of a bistable homogeneous 
function and a monostable homogeneous function, both balanced by periodic functions 
(with the same period) depending only on time. Namely, if g\ : [0,1] —X R is a monostable 
function, g% : [0,1] —> R is a bistable function, and mi, m 2 : R —)■ R are two T-periodic 
functions, then the function f T defined by f T (t,u) = mi{t)gi{u) + m 2 (t) <72 (w) is bistable 
on average if and only if we have /iig((0) + < 0 and Afi<7i(l) + < 0, 

where /q := 4 fj' mi(s)ds. It is important to note that for a bistable on average func¬ 
tion, there can very well exist times t for which the homogeneous function f T (t , •) is 
not a bistable function in the sense of homogeneous nonlinearities. Indeed, if we set 
in the previous case g\{u) = u(l — u), g 2 (u) = u(l — u){u — 9) with 0 < 9 < 1, 
mi(t) = sin(27rf) and rri 2 (t) = 1 — sin(27rf), we can notice that although the function 
/ 1 (t,n) = mi(t)gi(u ) + m 2 (t)g 2 (u) is bistable on average, the homogeneous function 
f\ 1/4,-) is of KPP type. 


Context 

The study of reaction-diffusion equations began in the 1930’s. Fisher [12] and Kolmogorov, 
Petrovsky and Piskunov ra were interested in the equation 

u t ~ u xx = f(u ), t G R, iGR, (4) 

with a nonlinearity / of KPP type. They proved existence and uniqueness (up to trans¬ 
lation) of planar fronts U c of speed c, for all speeds c > c* := 2^/'(0), that is, for all 
c > c*, there exists a function u c satisfying (dJ) and which can be written u c (t,x ) = 
U c (x — ct ), with 0 < U c < 1, U c (—oo) = 1 and 14(+oo) = 0. Numerous articles have 
been dedicated to the study of existence, uniqueness, stability, and other properties of 
planar fronts for various nonlinearities, see e.g. [2, TT[ IB], [TS) 24|. In particular, for 
bistable nonlinearities, there exists a unique (up to translation) planar front U(x — ct) 
and a unique speed c solution of (j5|). When the nonlinearity is not homogeneous, there 
are no planar front solutions of (JTj) anymore. For equations with coefficients depending on 
the space variable, Shigesada, Kawasaki and Teramoto [2B] defined in 1986 a notion more 
general than the planar fronts, namely the pulsating fronts. This notion can be extended 
for time dependent equations as follows. 


Definition 1.1. A pulsating front connecting 0 and 1 for equation ([TJ) is a solution u : 
R x R —x [0,1] such that there exists a real number c and a function U : R x R —x [0,1] 
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verifying 

( u(t,x) = U(t,x — ct), Vt G R, Vx 6 R, 

[/(•,—oo) = l, I/(-,+oo)=0, uniformly on R, 

U(t + T,x) = U(t,x), Vt G R, Vx 6 1 . 

So, a pulsating front connecting 0 and 1 for equation (JT]) is a solution couple (c, U(t, £)) 
of the problem 

r Ut - - % - f(t, U ) = 0, V(t, 0 e R x R, 

\ [/(•, —cx)) = 1, [/(•, +oo) = 0, uniformly on R, (5) 

[u(t + T,0 = U(t,0, V(U)«x R. 

For an environment depending on space only, we can refer to ©laia mama Ha iia Esi edi 
M\ for some existence, uniqueness and stability results. As far as environments depending 
on time (and possibly on space), Nolen, Rudd and Xin in [22] were interested in equations 
with a homogenous nonlinearity and an advection coefficient depending periodically on 
space and on time. Frejacques in ra proved the existence of pulsating fronts in the case 
of a time periodic environment with positive and combustion nonlinearities. Nadin in m 
proved the existence of pulsating fronts in an environment depending on space and time 
with KPP type nonlinearity. If we consider Nadin’s results in the context of our equation, 
he imposes in his existence results that the steady state 0 is unstable in the sense that 
the principal eigenvalue associated with the equilibrium 0 is negative. Yet, we shall see in 
section [2] that hypotheses (|2J) and (d]) in our paper are equivalent to the fact that 0 and 
1 are stable steady states, that is, the principal eigenvalues associated with equilibria 0 
and 1 are positive. Shen in [25] and [25j defined and proved the existence of pulsating 
fronts in the case of an almost-periodic environment with a bistable nonlinearity, that is, 
for functions / which satisfy /(-, 0 ) = /(•, 1 ) = 0 and are negative near the equilibrium 0 
and positive near the equilibrium 1 for any time. More exactly, it is assumed that there 
exists 7 > 0 and S G (0,1/2) such that 

j f(t, u) < —7 u, V(£, u) G I x [0, 5], 

\f(.t,u)> 7(1 -it), V(t,u) G R x [5,1]. 

Alikakos, Bates and Chen in [1] (in the case of a periodic nonlinearity) and Shen in [27] 
(in the case of an almost periodic nonlinearity) consider as in our paper the equation (JT[) . 
They impose the Poincare map associated with the function f 7 has exactly two stable 
fixed points and one unstable fixed point in between. They prove under this hypothesis 
there exists a unique pulsating front (U, c ) solution of the problem ([5]). They show that for 
each t, the function U(t, •) is monotonic and that U, and exponentially approach 
their limits as £ —> ± 00 . They also prove a global exponential stability result. In section 
d] we will see that hypotheses (J2J) and (0 are equivalent to the fact that 0 and 1 are 
two stable fixed points of the Poincare map associated with f T . Let us note that in this 
paper, we do not impose the uniqueness of intermediate fixed points between 0 and 1 . 

We now give the main results of the paper. 

Uniqueness and monotonicity of pulsating fronts 

In this paper, we begin by showing the monotonicity of pulsating front solving (15jh Then 
we use this result to prove the uniqueness (up to translation) of the pair (U, c ) solving 
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©. For that purpose, we use some new comparison principles adapted to hypotheses (ED 
and (ED, that we show using sliding methods. We have the following theorem. 

Theorem 1.1. There exists at most one couple (c, U ) solution of problem (0, the function 
U(t,f) being unique up to shifts in £. In this case, we have that 

Ufa, £) <0, Vt e R, V£ G R. 

Asymptotic stability of pulsating fronts 

We now investigate global stability of pulsating fronts. In case of homogeneous bistable 
nonlinearities, Fife and McLeod in HU proved the global stability of planar fronts. For 
heterogeneous bistable nonlinearities, Alikakos, Bates and Chen [TJ (in case depending on 
time variable) and Ding, Hamel and Zhao [8] (in case depending on space variable) also 
proved a global exponential stability result. In our case with assumptions (ED and (ED, 
the following stability result is proved. 

Theorem 1.2. Assume there exists a pulsating front U with speed c solution of (ED- We 
consider a solution u of the Cauchy problem 

\u t - u xx = f T (t,u) Vf > 0, Vx G R, 

1 u(0, x) — h{x), ViGR, 

where the initial condition h : R —» [0,1] is uniformly continuous. We denote u(f, £) = 
u(t , x) = u(t , £ + cf). There exists a constant 7 G (0,1) depending only on f T such that if 

limiuf /i(£) >l — y and limsup /i(£) < 7, 

£ —00 £—>+00 

then, there exists £ 0 £ R such that 

lim (u(f, £) — U(t, £ + £o)) = 0, uniformly for £ G R. 

Roughly speaking, if the initial condition h "looks like" a front, then v converges to a front 
as t —> +00. To prove this theorem we use the method of sub- and supersolution. We 
adapt here some ideas used in m in case of a bistable homogeneous nonlinearity to our 
equation (ED with assumptions (J2D and (ED- 


Existence and convergence of pulsating fronts for small periods 

We are interested here in understanding the role of the period T of the function f T in the 
limit of small periods. We consider nonlinearities of the form 

f T (t,u) = f(^,u), VfGR, VuG [0,1]. 

The function / is 1-periodic in time, and hypothesis (ED becomes 

[ fu(s, 0 )ds < 0 and [ f u (s, 1 )ds < 0. 

Jo Jo 

Consequently, the sign of the quantities (J2D do not depend on the period T. In order to 
understand the homogeneization limit as T —> 0 + , we define the averaged nonlinearity 


g : [0,1] —>■ 

u H- 


R 



f(s,u)ds 


( 6 ) 
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We assume that the function g is a bistable function, that is, there exists 6 g G (0,1) such 
that 

U0) = g(9 g ) = g( 1) = 0, 

\g(u) <0, V «6 (0, 9 g ), g(u) <0, Mu G (9 g , 1). 

We also assume that 

»'(«,) > 0. (7) 

Let us noticing that according to (j3J), one gets g'(0) < 0 and g'(l) < 0. We have the 
following existence theorem. 

Theorem 1.3. Under the above assumptions, there exists Tf > 0 such that for all T G 
(0 ,Tf), there exists a unique pulsating front (Urit, £), ct) solving 

( U T )t ~ — ( U T )$£ = f T (t, U T ), on R x R, 

Ut{-, — oo) = 1 , Ut{-, +oo) = 0, uniformly on R, 

Ur{t + T,£) — U T (t,%), V(i,()Glx R, 

U T ( 0,0) =9 g . 

We are then interested in the convergence of the couple (ct, Ut) as T G 0. We recall 
from [2] that for the bistable nonlinearity g, there exists a unique planar fronts (c g , U g ) 
solving 

f U g + c gU' g + g(U g ) = 0, on M, 

< Ug(-oo) = 1, Ug(+oo) = 0, 

[u g (p) = 0 a . 

For any 1 < p < +oo, we define 

W'if’O* 2 ) = {U€ if oc (R 2 ) | m m d (e U e Lf oc (R 2 )} . 

For any k G N and any a G (0,1), we also define C fc ’“(M 2 ) the space of functions of class 
C k (R 2 ) with the k th partial derivatives a-Holder. 

In terms of convergence, we extend the function U g on R 2 by U g (t,£) = U g (f) for any 
(t,£) G M 2 , and we have the following result 

Theorem 1.4. As T — y 0, the speed ct converges to c g and Ut converges to Ut in 
Wfoc’ p ( R 2 ) weakly and in ^’"(R 2 ), for any 1 < p < +oo and for any a G (0,1). 

Let us mention that for nonlinearities depending only on space variable, such convergence 
results were proved by Ding, Hamel and Zhao |SJ in the bistable case and by El Smaily 
[H] in the KPP case. 

Existence and convergence of pulsating fronts for small perturbations 

In this part, we consider some families of functions f T,£ : R x [0,1] —> R having the same 
regularity as f T and such that 

I7 T,£ M) = f T ' £ (t, 1) = 0, VtG R, 

\f T ’ £ (t,u) = f T ’ £ (t+ T,u), V(£,m) GRx [0,1]. 
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We also suppose that there exists a bounded function uj(e) : (0, +oo) —> R satisfying 
ui(e) 0 and such that 

< u(e), V(£, u) G [0, T] x [0,1]. (9) 

We will first show that if f T satisfies the hypotheses of existence and uniqueness theorem 
of Alikakos, Bates and Chen [I] , then for e > 0 small enough, the Poincare map associated 
with f T ’ £ also verifies it. As consequence, the following theorem holds. 

Theorem 1.5. We suppose the Poincare map associated to f T has exactly two stable fixed 
points 0 and 1 and one unstable fixed point «o between both. 

Then, there exists £o > 0 such that for all e G (0, £o)> there exists a unique pulsating front 
(U e (t, 0, c e) solving 

'(U £ ) t - c £ (U £ )^ - (U e )x - f T ’ £ (t, U e ) = 0, on GRxR, 

^ U e (-, —oo) = 1, U £ (-, +cx)) = 0, uniformly on R, 

* U e {t + T,£) = U e {t,£), V(U )6 RXR, 

.£ 4 ( 0 , 0 ) = a 0 . 

Let us note that by hypothesis on f T , there exists a unique pulsating front (Ur, ofi) solving 
problem ((5]) with Ut{ 0, 0) = a^. We have then the following convergence result 

Theorem 1.6. As e —> 0, the speed c £ converges to ct and U £ converges to Ut in 
W/ 0 ’ 2,p (R 2 ) weakly and in Cf 0 ’r( R2 ); f or an V 1 < P < +oo and for any a G (0,1). 

Outline 

Section [2 of this paper is devoted to some equivalent formulations of hypotheses (J2J) 
and Q3D, in particular using Poincare map and principal eigenvalue. In the following 
two sections, we prove uniqueness, monotonicity and uniform stability of pulsating front 
solution of © that is, Theorems 11.11 and 11.21 In Section 5, we prove Theorems 11.31 and 
11.41 on the homogenization limit. In Section 6 , we prove Theorems 11.51 and 11.61 on a small 
perturbation of a given pulsating front. 

2 Preliminaries on the characterization of the asymp¬ 
totic stability of equilibrium state 

This part is devoted to the study of various characterizations of bistable on average 
functions. As we mentioned it previously, it is necessary to know its various points of 
view to be able to place the results of our paper in the literature already existing. We 
begin by defining the notion of equilibrium state. 

Definition 2.1. Consider the problem 


idW*cd ( U-d^U = f T (t,U) on R 2 , 

\U(t,£) = U(t + T,£), Vf G R, Ve G R. 

The T-periodic solutions of the equation y' = f T (t,y ) are called equilibrium states of (HID . 
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Indeed, if U : R 2 —» [0,1] is a solution of (fill) and if there exists a function t (->• Q(t ) 

such that |£/(i, £) — 0(£)| — > 0 for all t EM, then, by standard parabolic estimates, the 
function 9 is a T-periodic solution of the equation y' = f T (t, y ) on R. We recall the notion 
of uniformly asymptotic stability of such an equilibrium state. 

Definition 2.2. Let t H- 9{t) be an equilibrium state of fllip . Let (£, £) £/(£,£) be 

another solution of the same equation. We say that 6 is a uniformly asymptotic stable 
equilibrium if there exists rj > 0 such that 

(\/£ G M, 117(0, £) —0(0)| < t/) =>■ lim \U(t, •) — 9(t)\ — 0 unif. on E. 

V / t— >-+oo 

If 9 is not a uniformly asymptotic stable equilibrium, we say it is a uniformly asymptotic 
unstable equilibrium. 

We approach now the notion of principal eigenvalue. 

Proposition 2.1. Let t H> 9{t) an equilibrium state of (ITT]) . There exists a 

constant Xgjr an d a function <&$jt G C 1,2 (R x R, r) such that 

dt^ejT — cd^gjT — d^gjT = fu(t, 6(t))$gjT + A gjT^gjT On R 2 , 

< ® 9 JT > 0 on R 2 , 
d> ejT (-,£) Is T — periodic , V(6R, 

&gjT(t, •) is 1 — periodic , Vt G R. 

The real number A qjt is unique. It is called the principal eigenvalue associated with the 
function f T and the equilibrium state 9. The function Qg jT is unique up to multiplication 
by a positive constant. It is called the principal eigenfunction associated with the function 
f T and the equilibrium state 9. 

We give an explicit formulation of the principal eigenvalue. 

Proposition 2.2. The function Qgjr does not depend on the variable £, and the constant 
-V/ T Is given by 

V/t = ^ fu(s, 9(s))ds. 

Proof. We know that Qgjr is unique up to multiplication by a positive constant. Let us 
suppose for example that ||$0,/ T ||oo = 1. Let £ 0 £ The function £ + £ 0 ) is also 

a positive solution of the problem (fT21) . Yet ||$ 0 jt(-, • + £ 0 )||oo — 1- So, by uniqueness 
fT(t, £ + £o) = ^ 0 ,/ t (L£) for any (£,£) in R 2 . Since £ 0 is arbitrary, it follows that &gjr 
does not depend on the variable £. Furthermore, the first equation in (fT21) becomes 

dt&e,f T — fu(f->0(t))$gjT + A gjT^gjT, Vt G R. 

We divide this equation by &gjr, then we integrate between 0 and T. According to 
the fact that is a T-periodic function, we obtain the expression of A qjt given in 

Proposition 12.21 □ 

We give a characterization of the uniformly asymptotic stability of the equilibrium state 
9 from the principal eigenvalue A qjt. 

Proposition 2.3. If Xgjr > 0 (resp. < Q), then the equilibrium state 9 is uniformly 
asymptotically stable (resp. unstable). 
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Proof. We are going to handle the case where Xgjr > 0. We consider a solution U(t,£) 
of (HID . We saw that the function = ^gjrft) satisfies 


f dt^gjT = /J(t, 0 (t))$gjT + XgjT^gjT Oil R, 

< $g jT > 0 , 

[ ^oj-T is T — periodic. 

There exists e 0 > 0 small enough such that for any t > 0 we have 


6 'l £ o e 2 t ®ej T (t) < f T (t, 9(t) + £ 0 e 2 t ^ d jT(t)) — 


V/ T f _ / x _ XgjT *S,f T 


r MW) - ft (t,9(t))e 0 e—^^g jT (t) < -^-e 0 e“* 'M/M 


V/ T 


We note xft) = Oft) + e^e 2 t ^gjr{t). For any t > 0, we have 


e,/ T 


Xt(t) ~ cxz{t) - x«(f) - / MW) > £ oe 2 M/ T WM T 


V/ T V/ T 


]> 0 . 


If we suppose that for any £ in R, we have U( 0, £) < 0(0) + £ 0 < ^ > o,/ T (0)) then, applying the 
maximum principle, we have that 


Uft, £) < Oft) + £ 0 e 2 t ^gjr(t), Vt > 0, V£ e R. 

In the same way, possibly reducing e 0 , one can show that if we suppose for any £ 6 R that 
we have 0(0) — £ 0 < ho,/ T (0) < 1/(0, £), then 

Oft) — £ 0 e ^— t $gjT(t) < !/(/,£), Vt > 0, V£ e R. 


Consequently, lim |C/(t, £) — 0(t)| = 0 uniformly on R. 

t —>-+oo 

We are now interested in case where Xgjr < 0. Let rj > 0. There exists £o,t > 0 small 
enough such that £ 0 ,t < $ r/ and, for any t G [0, T] and any £ 6 (0, £ 0 ,t) we have 


ej- 


X 0 ,/ T 


e,f 


ee 2 $gjT(t) < f (t,0(t)+ee~ 




M/ T W)“ 


f T (t,0(t))-fZ(t,0(t))ee 


0 f T 

2 t $e,f T if) < 


—f- ££ 9 2 M/ T W- 


A e,f T 

We note y e (t) = Oft) +ee t ^gjr(t). The same calculations as previously give us that 
for any t £ [0, T] we have 

MW - c(Xe)t{t) - (Xe)tt(t) ~ /M WW) < 0. 

We define U £ : R + x R —> M solution of the Cauchy problem 

((U E )t - c{U e )t - (C4)« - f T (t, U £ ) on R+ x R, 

\£4(0,0 = Xe(0) onR. 

Applying the maximum principle on [0,T] x R to the function U £ and Xe, we obtain that 
U £ > Xe on [0, T] x R. In particular, since Xe is a nondecreasing function on [0, T], we have 

U e (T,-)>Xe( 0) OnR. (13) 
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The function U e (- + T, •) satisfies the same equation as U £ . According to (fTDh we can 
apply the maximum principle on [0, T] x R to the function U £ (- + T, •) and Xe- We obtain 
for t = T that 

U £ (2T, -)>Xe(T)> Xe(0) on R. 

For any n G N*, we can show by induction that 

U £ (nT, •) > x e (0) on R. 

According to the fact that y £ (0) > 0(0), and that 9{nT ) = 0(0) we have that ^ lim (U e (t, •) — 
0(f)) 7 ^ 0 for any (6 1 , although we have \U £ (0, £) — 0(0) | < rj, for any (61 □ 

Finally, we connect now the previous notions with the notion of Poincare map associated 
with the function f T . 

Definition 2.3. For any a G [0,1], let w(a, •) be the solution of the Cauchy problem 

y' = f T (t,y ), 

k 2/(0) = a. 

The Poincare map associated with f T is the function P : [0,1] —> [0,1] such that 

P(a) := w(a, T). 

Let ax be a fixed point of P. We say that ax is stable (resp. unstable) if P\o>x) < 1 
(resp. P'(a.x) > 1). 

We give the link between equilibrium states of (HID and fixed points of the Poincare map 
associated with f T . First of all, it follows from the definition of P that a real number 
a G [0,1] is a fixed point of P if and only if w(a, •) is an equilibrium state of (fill) . 

Proposition 2.4. Let a be a fixed point of P. We have 


(14) 


P'(a) = e 


-T A 




Proof. We have 

d t w(a,t) = f 1 (t,w(a,t))i Vt G R. 

Differentiating with respect to a, we obtain that d a w(a, •) solves the linear ODE y' = 
yfu(s,w(ot,s)). It follows that 

d a w{a, t ) = d a w{a , 0)e/o y t e R . 

If we take t — T, we have that d a w(a, T) = d a w(a, 0)e^o A (s,w(a,s))ds, an( j s j nce Q a w(a , 0) = 
1, we infer that d a w(a,T) = A (s,w(a,s))ds. j n 0 |]. ier worc [ S) by Proposition 12.21 P\a) = 


—T A / •. 


□ 


Consequently, the fact that a fixed point a of the Poincare map associated with f T is 
stable (resp. unstable) in the sense of Definition 12.31 is equivalent to the fact that the 
principal eigenvalue associated with w(a , •) and f J is positive (resp. negative), that is, 
by Proposition (j2.3j) . the solution w(a, •) of (ITT)) is a uniformly asymptotic stable (resp. 
unstable) equilibrium of (HID . 

In particular, in our paper, the hypothetis (J2]) implies that 0 and 1 are two fixed points 
of the Poincare map associated with f T , and the condition ((2]) is a condition of positivity 
of the principal eigenvalues associated with 0 and 1. In this way, the equilibria 0 and 1 
are uniformly asymptotically stable for the equation (jT]) . 
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3 Uniqueness and monotonicity of pulsating front 

This section is devoted to the proof of Theorem 11.11 


3.1 Two comparison principles 

Lemma 3.1. Let us fix c G R, R + G R and a G (0,1). We consider two functions g and 
~g of class C 1 (R x [0,1],R), T-periodic and such that 

g{t,u) <g{t,u), Vi G R, VmG[0, 1]. (15) 

We assume g satisfies the hypothesis (J2D and the first inequality of (J3J) . 

Suppose there exist two functions v : R x [f? + ,Too) —> [0,1], (t,£) H- u(t, £) and v : 
R x [R+, Too) — > [0,1], (i, £) H > v(t,f) of class C 1 ’? (R) in t uniformly for £ G [R+, Too) 
and of class C 2,a ([R + , Too)) in £ uniformly for t G R, and such that 


d t v — cd^v — d^v > g(t, v) on R x [R + , Too), (16) 

d t v — cd^v — d^v < g(t,v ) on R x [R + , Too), (17) 

v(t, R + ) < v(t, R+), Vi G R, (18) 

v(-, Too) = 0 uniformly on R. (19) 

There exists <5 + G (0,1) depending only on g such that if we have 

v(t, £) < 8+, Vi G R, V£ G [R+, Too), (20) 

then 

v(t, x) < v(t, x), Vi G R, V£ G [R+, Too). 


Proof. Let us first introduce a few notations. We denote Ao ,g and <h 0 ,g the principal eigen¬ 
value and the principal eigenfunction associated with the function ~g and the equilibrium 
0. We saw in Section [21 that $ 0,3 depends only on t (and not on £). Consequently, we 
have 

$o, 5 (*) = (VgT^(i, 0 ))$o, 9 (i), ViGR, ( 21 ) 

We also saw in Section [2 that Ao ,g> 0. Since g is of class C X (R x [0,1], R) and periodic in 
i, there exists h+ > 0 such that 

VfGR, V(u, u') G [0,1], \u-u'\ < 5+ =► \g u (t,u) -g u (t,u')\ < (22) 

The general strategy to prove Lemma 13.11 consists in using a sliding method. To do so, 
we define _ 

e* = inf je > 0 | U—— T £ > 0 on R x [R+, Too)}. 

We note that £* is a real number since v and v are bounded and minjj $ 0,3 > 0. Further¬ 
more, by continuity 

V ~ T £* > 0 on R x [R + , Too). (23) 

® 0,9 
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We are going to show bwoc that e* = 0. Thus let us suppose that e* > 0. We consider 
a sequence (e n ) n satisfying e n ■ 'W+ify £ * an( j 0 < e n < £*. There exists (i n , fy) G 
E x [R+, Too) such that 


fyfy; fy) H(tm fyi) 

^*0 ,g{tn) 


T £ n < 0. 


(24) 


We write t n = k n T + t' n , with k n E 7L and \t' n \ < T. Since (t' n ) n is bounded, we thus have 
up to extraction of a subsequence that t' n f W + T’ > f* Furthermore, the sequence (£ n ) n is 
also bounded. Indeed, let us suppose it is not the case. So, according to fflUl) . there exists 
Re E such that 

Vn G N, > R, 0 < v(t n ,£) < — min $ 0 ,g- 

4 M 


Now, if (£ n )„ is not bounded, there exists N E N such that £at > R and £n > y. So, 


v{tN, fyv) — £N&0,g(tN) < U 


A / 


e 

— min $n» < 0. 

2 E ' 9 


Now, by (1241) we have u(fyr,6v) < h(fyr,6v) ~ Tw'ho.g^iv)- Hence v(t N ,^N) < 0, which 
contradicts the fact that v E [0,1]. We thus have up to extraction of a subsequence that 
U r e [R + , Too). We define v n (t, £) = v(t T k n T , f), and v n (t, £) = v(t T k n T , f). 

As g and 4 are T—periodic, v n and satisfy respectively (fTB]) and HTTP . Furthermore, v n 
and v n converge up to extraction of a subsequence respectively to v* E [0,1] and v* E [0,1] 
in C, 1 ,;) 2 (E x [R+, Too)). Passing to the limit in (122j) we obtain 

v* — v* 

——-f £* > 0 on E x [R + , Too). 

^0,9 


According to (1241) . we have 


v n(t n ,£, n ) Uni^njCn) 

®0,jK) 


T £ n < 0. 


So, passing to the limit, we have 


r(r,r)-fy(r,p * 

*««(**) 


o. 


(25) 


We define the open set 

H = {(t,£) G E x [R + , Too) | 0 < v*(t,£) < fy(t,0}- 

This set is open by continuity and by (1121) . We note that (£*,£*) G H because v*(t*,£*) — 
u*(f*,£*) = — £*4> 0i g(r) < 0. Furthermore, according to (USD , we have v*(t*,R + ) — 
v*(t*,R + ) > 0. So, fy > i? + . We will apply a strong maximum principle to the non¬ 
negative function 
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There exists 0:lx [i?+,+oo) —X [0,1], (£, £) H- $(£,£), with $(£,£) between u*(£, £) and 
u*(£, £) such that we have on R x [i? + , +oo) 


d t z - cd^z - > 9 ^' V \ - (t, ~ ) - dt * 0 '^2 - • ) ((USD and (HZD) 


$ 


0,3 




> g(t,r)_-g( t ,c) _ (g„(t,o) + A,. i ,)(r-v) (caand03) 


$ 


0,3 


$ 0,3 


$0,3 


W Q) ~ 9u(t, °) - A 0 ,g)(v* - V*), 


= (9u(t> °) ~ 9u(t> °) - VsO - £ *)9u(t, °) ~ 9u(t> 0) - W 


We define the bounded function aft , £) := g u (t, 0(t,£)) — g u (t, 0) — A 0 ,g on R x [i? + , +oo). 
According to (12171) we have v_* < 5 + on R x [R+, +oo). Furthermore, we have 0 < v* < v* 
on f2, whence [6 1 ! < <7+ on O. So, by (122]) we have on 

d t z - cdfrz - dtfZ - aft , £)z > -£*(g u ft, 6) - g u (t, 0) - A 0i5 ) > > 0. 

Furthermore, according to (1221) . we have z > 0 on O and even on R x [i? + ,+oo). As 
z(t*,£*) = 0 and (£*,£*) G Q. it follows from [22, Th2 pl68] that 


z = 0 on f 2 0 , 


(26) 


where f2 0 is the set of point (£, £) G such that there exists a continuous path 7 : 
[ 0 , 1 ] —)► O such that 7 ( 0 ) = (t, £) and 7 ( 1 ) = (£*,£*), and the time component of 7 (s) is 
nondecreasing with respect to s G [0,1]. Now, we define 

I = inf {t>R + I V| g (£,£*], (t*,£)en 0 }. 

The equality (122]) and the continuity of z imply that 


z(t*,£) = 0 . 

So, according to (1121) . we have £ > R + (because v*ft*,R + ) > v*ft*,R + )). Consequently, 
the definition of £ and the continuity of v* and v* imply that 

Finally, the previous two displayed equalities imply that £* = 0, which contradicts the 
fact that £* is positive. Consequently £* = 0 and the lemma is proved. □ 

With a similar proof, we can obtain the following lemma. 

Lemma 3.2. Let us fix c G R, R- G R and a G (0,1). We consider two functions g and 
g of class C X (R x [0,1],R), T-periodic and such that 

g{t,u) <g{t,u), Vt G [0, T], Vu G [0,1]. 


We assume g satisfies the hypothesis (J2J) and the second inequality of ([2]). 

Suppose there exist two functions v : R x (— 00 , —X [0,1], (t, £) (->• v(t,£) and v : 
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R x (—00, i?_] — > [ 0 , 1 ], (t, £) (->■ 1 ;(t, £) of class C 1 ’ 2 (R) in t uniformly for f G (—00, R-] 
and of class C 2,a ((— 00, /?,__]) in f uniformly for t G R, and such that 

d t v — cd^U — d^v > g(t, v ) on R x (—00, R_], 

d t y — cd^y — d^y < g(t, y) on lx (— 00, i?_], 
y(t, R_) <v(t, R_), Vt G R, 
v(t, — 00) = 1 uniformly on R. 

There exists < 5 _ G ( 0 , 1 ) depending only on g such that, if we have 

>1 — Vt G R, V£ G (—00 ,R-\, 


then 

y{t,x) <v(t,x) Vt G R, V£ G (— 00 ,R-]. 

3.2 Monotonicity of the front 

Let us consider (U, c ) a solution of ((5]), with U :lxlG [0,1]. We want to prove that 
for all r > 0, we have 

U(t, 0 < U{t , f - t), VtGR, V^GR. 

We start with the following lemma. 

Lemma 3.3. There exists To > 0 such that for any r > To, we have 

u(t , 0 < u(t, z - t), vt g r, v^gr. 

Proof. As [/(•, + 00 ) = 0 uniformly on R, there exists a real R + such that 

U{t,Z)<6+, VtGR, V£ G [R+, + 00 ), (27) 

with 5 + G (0,1) dehned in Lemma [3. II with ~g = g = /. 

As [/(-, — 00 ) = 1 uniformly on R, there exists t 0 > 0 such that 

U(t, £ — t) > 1 — <5_, Vt > t 0 , VtGR, V£ G (— 00 , .R+], 

where <5_ G (0,1) is defined in Lemma [3. 21 with g — g — f. 

Without loss of generality, we can assume that max {£_, 5+} < 1/2, whence U(t,R + ) < 
U(t,R + — t) for all t G R and t > To- We can apply Lemma HO on R x [i? + ,+oo) and 
Lemma 13.21 on R x (— 00 , R + ] to the functions y=U and v = U(-, ■ — t) for any t > To, 
and the lemma is proved. □ 

Proposition 3.4. We have 

< 0, VtGR, V(GR. 
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Proof. We define R + as in the previous proof. As [/(•,— oo) = 1 uniformly on R, there 
exists R_ < R + such that 


VtGR, V£g(-oo ,R_). 


Consequently, 


U(t,£ — r) > 1 — S-, Vr > 0, Vi G R, V£ G (—oo, RJ\. (28) 

We define 

r* = inf {f > 0 | U(t,£)< U(t,£ — t), Vr > f, V(f,f) G R 2 }. 

The constant t* is a well defined real number according to Lemma 18.81 We will prove 
that t* = 0 by contradiction. Let us suppose that r* > 0. The definition of r* and the 
continuity of U imply that 


We define 


U{t,£) Vi G R, 


77 : = min |[/(i,£ —r*) 


V£ G R. 


(29) 


Two cases can occur, either 77 > 0, or 77 = 0. 

1 st case : 77 > 0. By uniform continuity of U on [0, T\ x [R_ — r*,-R + ], there exists 
T G (0, r*) such that 

C(i,0<^(Ce-r), Vr G [r, t*], Vi G [0, T], V£ G [TL, i? + ]. (30) 

Let r G [r, r*]. According to (1271) and (15UD . and since U is T-periodic in i, we can apply 
Lemma 13.11 to U and [/(•,• — r) on R x [i? + , + 00 ). We obtain 

U(t,Z)<U(t,Z-r) Vi G [0,T], V£ G [i2+, + 00 ). 

And according to (1251) and (15UD . we can apply Lemma 1X21 to U and £/(•,• — r) on R x 
(— 00 , RJ\. We obtain 

U{t,t)<U{t,t-r), Vi G [0, T], V£g(-oo ,R_]. 

To summarize U(t,£) < U(t,£ — t) for all t G [0, T], and (GR. Consequently, since U is 
T-periodic in i, we have 

U{t,£) <U{t,£-r), Vr G [r,r*] Vi G R, V(GR. 

That is 

f/(i, 0 < f/(i, f - r), Vr > r, Vi G R, V£ G R. 

This contradicts the definition of r*. 

case : 77 = 0. Let us begin by noting that there exists a couple (i*,£*) G [0,T] x 
[i?_,i2+] such that 77 = — r*) — U(t*,f*). Consequently, we have = 

U(t*, £* — t*). By applying the strong parabolic maximum principle on R 2 , we infer that 

U{t,t)=U(t,Z-T*) Vi G (- 00 , i*], V^GR. 


14 



This implies that U(t*, •) is a periodic function, which is impossible since U(-, — oo) = 1 
and U (■, Too) = 0. 

So we have r* = 0, that is 

U(t, 0 < U(t, £-r), Vt > 0, Vt G R, G R. 

In other terms d^U(t,^) < 0 for all t G R and £ G R. We apply the strong maximum 
principle to the equation satisfied by d^U and obtain c^f7(t, £) < 0 for all (t, £) G R 2 
(otherwise dtU would be identically equal to zero, which is impossible since !/(-, —oo) = 1 
and [/(■, +oo) = 0). □ 


3.3 Uniqueness of (U,c) 

We consider (Ui, Ci) and (I7 2 , c 2 ) two solutions of problem (JSD, with f/ b U 2 : R x M —» [0,1]. 
Without loss of generality, we can assume c\ > c 2 . 

Lemma 3.5. There exists r 0 > 0 such that for any r > r 0; we have 

<u 2 {t,t-r), Vte R, e R. 

Proof. The function U 2 is supersolution of problem (J2D with speed c\ since d(U 2 < 0 
(Prop. 13.4p and Ci > c 2 . Indeed 


d t U 2 - C\didJ 2 - %[/ 2 = / T (t, U) T (c 2 - Cl )^U > / T (t, U) on R 2 . 

As C/i(-, Too) = 0 uniformly on R, there exists a real number R + such that 

Ui(t,£)<8 + , Vt E R, G [R+, Too), (31) 

where h + G (0,1) is given by Lemma [3.II with ~g = g = f and only depends on /.. 

As C/ 2 (-, —oo) = 1 uniformly on R, there exists To > 0 such that for any r > To, we have 

U 2 (t, £ — r) > 1 — <5_, Vt G R, G (—oo ,R+], 

where G (0,1) is given by Lemma [3.21 with ~g = g = / and only depends on /. 

We can apply Lemma 13.11 on R x [R+, Too) and Lemma 13.21 on R x (—oo, R+\ to the 
functions v = U\ and v = U 2 (-, ■ — r) for any r > To to obtain the lemma. □ 

Proposition 3.6. There exists r* G 1 such that 

U(t,0 = UOU-U), VtGR, V^GR. 


And thus C\ = c 2 . 
Proof. We define 


T* = inf {Y G R | Ui(t, £) < U 2 (t, £ — t) V(f, ^) G R 2 |. 

The set inside inhmum is not empty according to Lemma 13.51 Furthermore, it is bounded 
from below because as U 2 ( 0, Too) = 0 and l/i(0, 0) G (0,1), we can find a small enough T\ 
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so that for any r < Ti, we have C/ 2 (0, —r) < C/i(0,0). Consequently, r* is a well defined 
real number. The definition of r* and the continuity of U\ and U 2 imply that 

17^,0 <U 2 (t,£-T*), VtGR, V£GR. (32) 

We dehne R + as in the proof of Lemma 13.51 As £/ 2 (-, — 00 ) = 1 uniformly on R, there 
exists R - < R + such that 

U 2 (t, £ - r) > 1 - «5_, Vr > r* — 1, Vt G M, V£ G (- 00 , /_]. (33) 

We define 

rj min {[/ 2 (t, £ — r*) — URt, £)). 

Notice that rj > 0 by (J22D- If V > 0 , by the uniform continuity of the function U 2 on 
[0, T] x [/?,_ — r*, R + — t* + 1], there exists r G (r* — 1, r*) such that 

< U 2 (t, £ — t), Vt G [0, T\, ve G [R-,R+]. (34) 

According to (IHD . (1M1) and the /-periodicity of U\ and U 2 in t, we can apply Lemma [5TT1 
to the functions v = Ui and v = C 2 (-, • — r) on R x [R + , +cxd). We obtain 

Ui(t,£) < U 2 (t,£-T), Vt G R, V^ G [R+, + 00 ). 

In the same way, according to (1551) and (1551) . we can apply Lemma 15751 to the functions 
v = C /1 and v = C/ 2 (-, • — r*) on R x (— 00 , RJ\. We obtain 

Ui{t,£)<U 2 {t,t-T), Vt G R, V^G(-oo,i?_], 

To summarize t/i(t, £) < C/ 2 (t, ^ — r) for all t G [0,/] and £ G R. This contradicts the 
definition of r*. Consequently, we have rj = 0. So, there exists a couple (t*,£*) G 
[0,/] x [/_,/+] such that 

U 1 (t*,C) = U 2 (t*,C~r*). 

By applying the strong maximum principle on R 2 , we get that 

C /1 (t, £) = U 2 (t, £ — r*), Vt G (— 00 , t*], V£ G R. 

By periodicity in t, the previous inequality is true on R 2 . 

Now, if we substract the equation satisfied by U\ to the equation satisfied by U 2 (-, 
we obtain that 

(c 2 — ci)d^U 2 (t, £ — t*) = 0, Vt G R, V£ G R. 

Since 9^t/ 2 < 0, we get c\ = c 2 and the proof of Proposition 13.61 is complete. 



4 Asymptotic stability of pulsating waves 

This section is devoted to the proof of Theorem 11.21 To simplify the notations, we note 
Aq (resp. Ai) the principal eigenvalue associated with the function f T and the equilibrium 
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0 (resp. 1 ). The condition (J2D implies that Ao > 0 and Ai > 0 . Furthermore, according 
to Section [21 there exists a unique positive T-periodic function $ 0 (£) such that 


$o(*) = ( A o + /J(t, 0 ))$ 0 (t), VtGR, 

<h 0 (0) = 1. 


Also, there exists a unique positive T-periodic function < Fi(t) such that 

= (Ai +/J(i, l))$i(i), Vf G R, 

\$i(0) = 1. 

Assume there exists a pulsating front U with speed c solving (151) . We consider a solution 
u of the Cauchy problem 

ju t - u xx = f T (t , u) on (0, Too) x R, 

1 w(0, x) — h(x), Vi6R, 

where the initial condition h : R — > [0,1] is uniformly continuous. We denote v(t,£) = 
u(t,x ) = w(f, £ T ct). The function v satisfies the Cauchy problem 


d t v — cd(V — d^v = f T (t, v) on (0, Too) x R, 
v(0,Z) = h(£), V£ G R. 


Our basic lemma is the following. 

Lemma 4.1. There exists a constant 7 G (0,1) depending only on f T and U, such that if 


liminf /i(£) >1 — 7 and limsup /i(£) < 7 , 

00 £—»+oo 


then, there exist some real numbers q 0 > 0 , £° and £ , such that 

U(t, £ T £°) — ^odl^o ||00 + II *^ 1 IIoo) e ^ < v {t, 0 — U(t, £ + £ ) T ?o( 11^*01 |00 + ||^i||oo) e ; 

(36) 

for any real number £ and for any t positive. 


Proof. We are only going to prove the left inequality, the other is similar. We begin by 
defining parameters which are independant of h and from which we are going to build a 
subsolution of (jSSD on R + x R. We define 


/i = min 


Ap Ail 

T’Tj 


> 0 . 


The regularity of the function f 1 implies that there exists w 0 > 0 such that 

Ao — T 


Mu G [0, Wo], Vf G R, 


\fu (t,u) - f u (CO)| < 


Ai - fi 


(37) 


Since C/(-,Too) = 0 and [/(■,— 00 ) = 1 uniformly on R, there exist £ + > 0 and £ < 0 

such that 

VtGR, V£ > £ + , U(t,i)<Uo, (38) 
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( 39 ) 


Went, V£ < r, 1 -U(t,t)<u 0 . 

We consider a nondecreasing function \ i n C 2 (m) such that 

Vf > £ + , x{£) = 1 and V£ < £", x(£) = 0- 

According to the fact that the function is continuous, negative and T-periodic, one has 
sup > 0, and there exist go > 0 and C\ > 0 (depending only on f T and U) such 

*X [?-,?+] 

that 

Vg 6 [o, %], VtGK+, Vf G [£",£+], Ut(t,i) + qe-*x!{£)($ 1 (t)~$ 0 (t)) < ~<?i- (40) 

There exists C 2 > 0 such that 

vt e R, V£ g [£~,£ + ], x(£)Mt) + (l - x(£))$i(t) < -rr^-. (41) 

II Ju l|oo 

There exists C 3 > 0 such that 

Vi 6 R, V{ e |(T>{ + ], x(f)*o(i)(/i-Ao-/„(i,0)) + (l — x(0)* 1 C*)(/* — Xi -/„((, 1)) 

+ (ex'K) + x"(f)) (*ci W - *iW) < C 3 . (42) 

We define 

- = ^r>°- <«> 

From the continuity and the T-periodicity of /J, there exists 7 G (0, min{g 0 ,1}) (depend¬ 
ing only on f T and U) such that 


Vt G M, w(u,u')e[ 0, l] 2 , |w-u , |< 7 max{||$ 0 || oo ,||$i|| oo }=>- 

\f T (t,u) - f T {t,u') - ff(t,u')(u-u')\ < m in| A ° 4 Al 4 ^ \u -u'\. (44) 

We now consider a uniformly continuous function h : R — > [0,1] such that 

lim inf li(£) > 1 — 7 and limsup /i(£) < 7 , 

£ —00 £—4+00 

and we denote v the solution of (j55|) . We consider a real number g Q > 0 such that 
1 — lim inf h(£) < g 0 < 7 . We thus have lim inf h(£) > 1 — go- Consequently, there exists 

£—>—00 £—x—oo 

( m GK such that for all £ < £ m we have li(£) > 1 —go- Yet, since h > 0 and 17(0, + 00 ) = 0, 
there exists (GR such that for all £ > £ m , we have h(£) > 17(0, £ + £) — go- According to 
the fact that 17 < 1 and that for all £ G K we have y(£ + £)4>o(0) + (1 — x(£ + £))4>i(0) = 1, 
we have that 


V£ G R, h{£)>U( 0,£ + £)-go 


X(e + 04>o(0) + {l-x(£ + £)}4>i(0) 


( 45 ) 


Finally, we define 

A(t) =o;g 0 (l-e^)+£. 

We are going to show that the function defined by 


u(t,£) = max jo, l/(i,£ + A(t)) - g 0 e ^ x(£ +A(t))$ 0 (t) + {l - x(£ + A(i))}$i(t) 
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is a subsolution of (j55j) on R + x R. We begin by noticing that according to (HHjh for any 
( 6 R, we have w(0, £) < r>(0, £). We divide now the space into three zones: 

= {(t, £) G (0, +cx)) x R | £ + A (t) < and u(t , £) > o|, 

= {(C 0 e (0, +oo) x R | f + A(t) > £ + , and u(t, f) > o}, 

= {(*,0 G (0, +oo) x R | £ + A(t) G [f“,f + ], and u(t,£) > o}. 

Since f T (t, 0) = 0, we only have to show that —cw^ ——/ T (t,w) < 0 on r2 + Uf2 _ Uf2°. 
1 st step: we show that u t — cu^ — — f T (t,u ) < 0 on fl + . We have 

V(t, 0 G fi + , u(t, £) = u(t,£ + A(t)) - q 0 e~^^ 0 {t). 

Consequently, for all (£, £) G fi + , then we have 


Ut(t,£) - -Ux{t,£) - f T (t,u(t ,£)) = f T (t,U^ + A(t))) - f T (t,u(t ,£)) 

+ % e p — Ao — /J(C 0) + A'(t)U^(t, £ + A(i)j. 

We have 

/ T (c^(c£ + A(t))) - f T (t,u(t,£)) 

f r (t,u(t,£ + A(t))) - f T (t,u(t,0) + + A(i))) [u(t,f) - + A(i))]| 

/J(c^(c£ + A(t))) - /JM)] + A(t)) -u(t,f)]} 

+/JM)jt/(t,£ + A(t)) -u(t,0}- 


According to the fact that 0 < g 0 < 7 , flUj) yields 
/ T (t,f/(t,^ +A(t))) - f T (t,u(t,C)) + fZ(t,u(t,£ + A(t))) [u(t,f) - C/(t,f + A(t)) 


Furthermore, according to (HTTP and (j3SP , we have 

+ A(t))) - /J(t,0)] [t/(t,f + A(t)) -u(t,f)l < A ° ^ 
So, since A' > 0 and {7^ < 0, we have 


go$o(£)e 


< 


> , A 0 — A 0 — 

/X — A 0 H-- -1- t— 


9o$o(*)e ^ < 0. 


Ut{t, 0 - cu^t, 0 -Utzit, 0 - f T (t,u(t, 0 ) 

step : we show that — cu^ — — / 7 (£, w) < 0 on O . We have 

V(t, 0 G fi", u(t, 0 = C/(c £ + A(t)) - g 0 e _Mi< hi(t). 

Hence, for all (i, £) G 

Mt(C0 - cv^(t,£) - / T (t,u(t,0) = / T (C^(^ + A(t))) - / T (t,u(t,^)) 

+ g 0 e Mf< Fi(t) p — Ai — /J(£, 1) + A'(t)U^(t, £ + A(i)). 


19 
























In the same way as previously, since A/ > 0 and < 0, we have that 


£) - «^(t, £)£) - / T (t, u(t, o) 


< 


A' 


A i + A i - i x + A 1 - i r 


g 0 <hi(t)e # < 0 . 


3 rd step: we show that u t — cu^ — — f T (t,u ) < 0 on 0°. For all (£,£) G 0° there holds 

- cut(t,€) -Utz{t,g) - f T {t,u(t ,£)) 

= / T (*,^(*,£ +A(£))) - 
+q 0 e~ flt $ 0 (t)x(t + A(t)){fj.- A 0 - /J(t,0)} 

+g 0 e^$i(£){l-x(^ + A(£))}{^-A 1 -/J(£,l)} 

+g 0 e“ M {cx , (^ + A(£)l + x"(£ + A(t))}{$o(£) - $i(t)} 

+A / (£)|[/^£,£ + A(f)j + qoe + A(£))($i(£) — <3> 0 (£))j. 

We have 


f T (t,u(t,£ + A(tj)) - / T (*,«(*,£)) < || fl 


U(t,£ + A{tf) -u(t,£) 


According to (HID applied with £ = £ + A(£), it occurs that 

f T (t,U(t,£ + A(£))) - f T (*,«(*,£)) <C 2 q 0 e~ flt . (47) 


According to (H2D applied with £ = £ + A(£), we have 


g 0 e /rf $o(£)x(£ + A(t)) jju - A 0 - /J(*,0)} 

+g 0 e“ Mt 4>i(£){l - *(£ + A(t)) }{/r - Ai - /J(£, 1)} 
+?oe M *{cx'(£ + A(£)) + X y, (£ + A(t)) ||^>o(£) — 4>i(t)} 
< C 3 q 0 e~^. 


Finally, remembering that A/ > 0 and according to (HUD applied with £ = £ + A(t), it 
follows that 

{[/ 5 (£,£ + A(£)) +g 0 e- /i V(£ + A(£))($ 1 (£) -$oW)}A'(£) < -C X K '(f). (49) 

Consequently, according to (H3D . (HHD . (HTD . (HHD and (H9|) we obtain for all (£,£) G O 0 , 
fft(C£) - cu^(£,£) - m 5C (£,£) - / T (t, «(£,£)) < -C'iA'(f) + (C 2 + C 3 )q 0 e~^ < 0. 

We conclude from the maximum principle that 


VfGR + , V£GR, u(£,£) > «(£,£). 

So, as f/g < 0 on R 2 and A' > 0 on R + , if we define the real number £° = £ + uiqo, it occurs 
that for all t > 0 and £ G R 


v 



> U(t,£ + A(tf) - q 0 e & 
>tf(*,£ + £°)-?o(||*o|| 


A 


(X) 


(£ + A(£))<F 0 (£) + {i 

+ ||$ 1 || 00 )e-^. 


-x(£ + A(t)) }$i(f) 
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It is exactly the same scheme to prove the right inequality of (1301) . namely we begin by 
showing that there exists a constant £ such that 


V£ e R, /i(£) < 1/(0, £ + 0 + g 0 [$o(0)x(£ + £) + $i(0) (l - x (£ + 0) 


Then we can show that there exists a positive constant u (uJ could actually be equal to u 
without loss of generality) such that if we take A (t) = — aJgo(l — e~^) + £ (we need here 
that A < 0), and if we define 


u(i t,£) = min |l, u(t,£ + A(t)) + q 0 e ^ x(£ + A(t))$ 0 (f) + {l - *(£ + A(t))}$!(t) 


then, for all (i, £) G (0, +oo) x R such that «(/,£) < 1 we have 

«t(f,£) - <%(*,£) -%(/,£) - / T (/,«(/,£)) > 0 , 

If we define the real number £° = £ — uJgo, we conclude that for all t > 0 and £ 6 R, we 
have 


v(t, £)<//(/,£ + A(t)) + q 0 e 

< U{t,£ + £ ) + <7o(|| < £’o||oo 


a(£ +A(t))<ho (t) + {l 
+ ||$ 1 || 00 )e-^. 


- + A(t))}$i(t) 


And the proof of Lemma [4.11 is complete. 


□ 


Lemma 4.2. Let 7 G (0,1) be as in Lemma There exists a positive real number D 
such that if for some constant £** and some 0 < e < 7 , we have 


V£GI, |n(0,£) — t/(0, £ + £“)| < e, 


then, 

V/GM+, V£GR, |u(t,£) -I/(t,£ + £ # )| < De. 

Proof. We can adapt the previous proof. If we take qo = e, then, , for all £ G R, we have 

U( 0, £ + £ # ) - go < /i(£) = v(0, £) < 17(0, £ + £“) + g 0 - 

We can then choose £ and £ equal to £ t) . Consequently, if we denote D = ||L^|| 0 o<^+|| < f , o||oo+ 
Halloo (independent of e), the conclusion of Lemma EO with £° = £ + cvqo = £** + u_e and 
£° = £ — uJq 0 = £^ — uJe becomes 

Vt G R + , V£ G R, U(t, £ + £ # ) - De < v(t, £) < U(t, £ + £“) + De, 

The proof of Lemma [4.21 is complete. □ 

Before carrying out the proof of Theorem 11.21 we need an additional Liouville type lemma 
for the solution which are trapped between two shifts of a front. 

Lemma 4.3. Let v G C 1+ f >2+ “(R x M, (0, 1)) (with 0 < a < 1) be a solution of d t v — 
cd^v — d^v = f T (t,v ) on R 2 such that 

V(t, £) e R 2 , U(t, £) < v(t, £) < U(t, £ - a). (50) 

where (U(t,£),c) is a pulsating front solution of (J5J), and a is a nonnegative real number. 
Then there exists b G [0, a] such that 

V(t,£)G R 2 , v(t,£) = U(t,£-b). 
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Proof. According to (j5(ip . we have that v(-, — oo) = 1 and v(-, +oo) = 0 uniformly on R. 
We are going to show that u(-,£) is a T-periodic function for any real £. Let e G { — 1,1}. 
As v(-, +cx)) = 0 uniformly on R, there exists a real number R + such that 

Vt e R, V£ G [R+, +oo), v(t, f) < <S+, 

where h + G (0,1) is dehned in Lemma [3.11 with g = ~g = f T . 

As v(-, —oo) = 1 uniformly on R, there exists a real a £ such that 

Vt G R, V£ G (—oo, R+], v(t + eT, f — cr £ ) > 1 — h_, 

where G (0,1) is dehned in Lemma [3.21 with g = ~g = f T . 

We apply the comparison principles of Lemma [3.11 on R x [f? + ,+oo) and of Lemma [3.21 
on R x (— oo, R + ] to the functions v(t,£) = v(t,£) and v(t,f) = v{t + eT, f — a £ ) 

Vt G R, V(GR, v(t, £) < v(t + eT, £ — a e ). (51) 


We define 


cr* := inf{cr e G R | Vt G R, V£ G R, v(t,f) < v(t + eT, f — cr £ )}, 
which is a well dehned real number such that cr* < a £ by (I5T1) . We have by continuity 

Vt G R, V(G1, v(t, £) < v(t + eT, f — cr*). (52) 

As v(-, — oo ) = 1 uniformly on R, there exists R_ < R + such that 


Vcr > a* — 1, Vt G R, V£ G (—oo, RJ\, v(t + eT, f — a) > 1 — h_, 


where S- G (0,1) is as above. 

We define 

g : = inf {v(t + eT, £ 
(t,z)eM.x[R-,R+] 




«(*,£)}■ 


Two cases can occur, either r) is positive, or g is equal to zero. If g > 0, since d^v is 
globally bounded in R x R by standard parabolic estimates, there exists a £ G (cr* — 1, cr*) 
such that 


Vt GR, V(G [R-,R + ], u(t,f) < v(t + eT,£ - a £ ). 


We can apply Lemma EH] to the functions v and v(- + eT , • — a £ ) on R x [R + , +oo). We 
obtain 


Vt G R, V£ G [R+, +oo), v(t, £) < v(t + eT, £ — a £ ). 


In the same way, we can apply Lemma 13.21 to the functions v and v(- + eT , • — a £ ) on 
R x (—oo,i?_]. We obtain 


Vt G R, V£ G (—oo, R-], v(t,£) < v(t + eT,f - a £ ). 


To summarize, 

Vt G R, V(G1, v(t,f)<v(t + eT,f — a £ ). 

This contradicts the definition of cr*. Consequently, we have i] = 0. So, there exists a 
sequence (t n ,f n ) n CRx [/?_,/?+] such that 

v(t n + eT, -a*) - v(t n , f n ) 0. (53) 
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We write t n = k n T + t' n , with k n G Z and t' n G (0, T]. The sequences (i(J n and (£„)„ 
are bounded. We thus have up to extraction of a subsequence that t' n W + 2° > f* j£ 
and r - ^ + ^°> £* G R. We define v n (t,£) = v(t + k n T,£). As f T is T—periodic, v n 
satisfies the same equation as v. Furthermore, we have 0 < v n < 1. Consequently, 
as ( f T (-,v n )) n is bounded in L°°(R 2 ), the parabolic regularity theory implies that for 
1 < p < +oo, (v n ) n is bounded in Yet Wjo C 2;p (M 2 ) embeds compactly into 

(^’“(R 2 ) for a G (0,1 — 2 /p) for p > 2. So, there exists v* such that up to extraction of a 
subsequence, (v n ) n converges to v* in PF^c’^R 2 ) weakly and in ^’“(R 2 ) for all 1 < p < +oo 
and for all a G (0,1). The function 0 < v* < 1 thus satisfies in the sense of distribution 
the equation d t v* — cd^v* — d^v* = f T (t,v*) on R 2 . Actually, by parabolic regularity 
theory, the function v* is in fact of class C 1 , 2 (R 2 ) and it satisfies the previous equation in 
the classical sense. According to (HvPjh we thus have 

Since on the other hand v*(t + eT, £ — a*) > u* (£,£), for all (i, £) GRxR by (1521) . the 
strong maximum principle implies that 

ViG(-oo,£*], G R, v*(t,£) = v*(t + eT,£^a*). 

As i* G [0, T], the previous equality is true on R_ x R, and in particular, we have 

VfcGN, u*(0,0 ) — v*(—kT,eka*). (54) 

According to (IHHl) and (IMP we have that 

Vfc G N, *7(0, eka*) = U(-kT , eka*) < v*(-kT , eka* £ ) = u*(0,0) < *7(0, -a) < 1. (55) 
In the same way, we have that 

\/k G N, 0 < *7(0, 0) < u*(0, 0) = v*(—kT , eka*) < *7 (—kT , eka* — a) = *7(0, eka* — a). 

(56) 

We suppose that ea* < 0. So, we have eka* k~?tg°> — oo. Consequently, as *7(0, — oo) = 1, 
we obtain a contradiction in (IHHD if we pass in the limit when k tends to +oo. 

We suppose that ea* > 0. So, we have eka* — +oo. Consequently, as *7(0, +oo) = 0, 
we obtain a contradiction in (UPFl) if we pass in the limit when k tends to +oo. 

Consequently, we have cr* = 0, and the equation (1521) rewrites 

Vi G R, V( GR, v(t,£) < v(t + eT,£). 

For e — 1, the previous inequality rewrites 

Vi G R, V(GR, u(i,0 < v(t + T,£). (57) 

And, for e = —1, we have u(i, £) < v(t — T, £), for all (i, £) G R 2 . If we define t' = i — T, 
we have 

Vi' G R, V£ G R, v(t' + T, 0 < v(t', 0- (58) 

According to (1571) and (THSfl . we get that 

Vi G R, V(G1 ,v(t,£) = v(t + T,£). 

which is the desired conclusion. □ 
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We can now prove Theorem 11.21 


Proof. Let 7 G (0,1) be as in Lemma 14.11 and let u be as in the statement of Theorem 
Ol We define u n (£, £) = v(t + nT , £). Up to extraction of a subsequence, ( v n ) n converges 
locally uniformly to a C 1+ s' ,2+q (R 2 ) solution Voo of d t Voo — cd^v Q 0 — d^Voo = f T (t , Vaf), for 
a G (0,1). According to Lemma [4.11 there exist some real numbers £° and £° such that 

VtGR, V(GR, t/(t,£ + £°) <Voo(t,0 + 

Consequently, Lemma 14.31 implies that there exists £0 between £° and £° such that 

V(GI, VtGR, Voo(t,£) = U(t,£ - £ 0 ). 

Let £ G ( 0 , 7 ) be fixed. According to the fact that [/(•, — 00 ) = 1 and [/(•, + 00 ) = 0, and 
according to Lemma 14.11 there exists an integer n 0 such that 

V(GI, Kn 0 T,f) - U(0,£ -£ 0 )| < e. 

Lemma 14.21 yields 

Vt G R + , V(Gt, \v(n 0 T + t, £) — U(t, £ — £o)| < De. 
where D is independent of e. Since £ > 0 could be arbitrary small, we get that 
lim v(t, £) — U(t, £ — £ 0 ) — 0, uniformly on R. 

4—H-o o 

That concludes the proof of the theorem. □ 

Once the global stability of pulsating fronts is established, the uniqueness result in The¬ 
orem 11.11 is an easy corollary. This method was used in [2T|. In the present paper, we 
preferred to prove first the uniqueness in Section [3] because the proof uses some new 
comparison principle (which have their own interest) and which lead to the monotonicity 
result. 


Proof. One has to show that if (U\,C\) and ([/ 2 , 02 ) are two pulsating fronts solving 
then Ci = C 2 and U\ and U 2 are equal up to shift in space. Theorem II. 2 l vields the existence 
of £ 0 G R such that 


sup 

£eR 


U 2 (t ,£ + (ci - c 2 )t) — Ui(t ,£ + £ 0 ) 


t —^ - | - OO i 


> 0 . 


(59) 


Let fcGZ, and (t, £) G R 2 . By T-periodicity of U\ and U 2 we have 


U 2 (t+kT,f+{c 1 -c 2 )(t+kT))-U 1 {t+kT,f+f 0 ) 


U 2 (t, £+( Cl —c 2 ) (t+kT)) -U, (t, £+£ 0 ) 


(60) 

If Ci 7 ^ c 2 , we pass to the limit when k —> + 00 . According to (159|) . the hrst term of (jS5D 
converges to zero, whereas the second term converges to 1 — [/) (t, £ + £0) > 0 if Ci < c 2 , 
and to Ui(t,£ + £0) > 0 if c\ > c 2 . Consequently we have ci = c 2 , and (1HDD becomes 


U 2 (t + kT, f') — Ui(t + kT, £ + £ 0 ) 


u 2 (t,£) - Ui(t,f + £ 0 ) 


By passing to the limit when k —> + 00 , we get that U 2 (t, £) = Ui(t, £ + £ 0 ). Hence, the 
proof of the uniqueness result in Theorem 11.21 is complete. □ 
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5 Pulsating fronts for nonlinearities of small periods 

In this section, we focus on the dependance on T for the pulsating fronts solving 

d t u — d xx u = f T (t , u), Vi G R, Vx G R. 

where f T (t,u) = f( — ,u ), with f(-,u) a 1-periodic function. 

Let a G [0,1]. We denote wt(ch, •) the solution of the Cauchy problem 

\y' = f T {t,y ) on R, 

\y( o) = «■ 

We remind the reader that the Poincare map associated with f T is the function Pr : 
[0,1] —> [0,1] defined by 

Pt(cx) = wt(c(, T ). 


5.1 Existence and uniqueness 

This subsection is devoted to proving Theorem 11.31 We are going to show that for T > 0 
small enough, the Poincare map associated with the function f T admits exactly one 
unstable fixed point which is strictly included between 0 and 1. Then, by [I], there exists 
a pulsating front solving (J5|). We begin by proving the existence of a fixed point of the 
Poincare map between 0 and 1. 

Lemma 5.1. Let T > 0. There are solutions of the problem 

(V = f T (t,y) onR, 

l 0 < y < 1 on R, (61) 

U(0) = y(T). 

Proof. We define $r(a) = Pt(oi) — a. By hypotheses, 0 and 1 are stable fixed points of 
Pr. So, 

|4 t ( 0 ) =°, d |*r(l)= 0 , 

By continuity, there exists G (0,1) such that = 0, that is Pr^otr) = olt- So, 

the function •) satisfies Problem (RJTD as a consequence of the Cauchy-Lipschitz 

theorem. □ 

Let t H- 9r(t) be a solution of Problem (RTTlh We remind that 9t( 0) is a fixed point of the 
Poincare map associated with f T . It is unstable if Pf(9( 0)) > 1. We saw in Section [2] 
that this condition is equivalent to the fact that the principal eigenvalue associated with 
f T and 9 t is negative. We are thus interested in the sign of 

V,/ T = ~7p J o fu ( s > 9 T (s))ds = ~ J q fu(t, 9 T (tT))dt. (62) 

We consider a sequence of positive real numbers (T n ) n such that T n + ^°> 0. 
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Lemma 5.2. The sequence (0T n ) n converges up to extraction of a subsequence uniformly 
on R to a constant function 9 0 . 

Proof. Let K be a positive constant such that 

\9' Tn (t)\ < &■> Vt G R, Vn 6 N. 

Let t E R and n G N. There exists an integer k n such that t G [k n T n , (k n + l)T n ). As 
9 n ( 0) G (0,1), there exists a real number 9 0 such that up to extraction of a subsequence 

9tM = 9 Tn (k n T n ) d 0 . 

Yet, by the mean value theorem, we get that 

1 9 Tn (t) - 9 Tn (k n T n )\ < K\t - k n T n \ < KT n , Vt GI, Vn G N. 

Since T n n - U^°} 0, for all f G R, we have 

I e Tn {t) - 9 0 \ < 1 9 Tn (t) - 9 Tri (k n T n )\ + \9 0 - 9 Tn (k n T n )\ < KT n + 1 9 0 - 9 Tn (k n T n )\ 0, 

and the proof of Lemma 15.21 is complete. □ 

Lemma 5.3. Up to extraction of a subsequence, we have 

X e Tn jT n - f f u (s,9 0 )ds. 

J 0 

Proof. Let us note that ( 9 Tn (-T n )) n converges up to extraction of a subsequence uniformly 
on M to 6q. Indeed, for any e > 0, there exists n 0 G N such that 

1 9 Tn (s) — 6*o| < e, Vn > n 0 , Vs G R. 


So, 


1 0T n (tT n ) -9 0 \ <£, Vn > n 0 , Vt G R. 

We can then move the limit inside the integral (JS2D- 

Consequently, for n large enough (ie T n small enough), A g n j T n has the same sign as 

h(9o) := — / f u (s,9 0 )ds. 

Jo 

The function h satisfies h = — g', where g is the function defined in (I5|) . 

Lemma 5.4. The real number 9 q satisfies 


□ 


g(9 0 ) = 0. 


Proof. We have 

6 T n (t) = f Tn (t, 9 Tn (t )), Vn G N, Vt G 
We integrate this equation between 0 and T n 

fT n 
10 


9T n {T n ) - 9 n ( 0) = f f Tn (s,6 Tn (s))ds, Vn G N. 
Jo 


26 







Consequently 


f Tn (s, dT n (s))ds = 0, Vn 6 N. 


By changing the variable t = —, we get that 

-L n 

I f(t, 0 Tn (tT n ))dt = 0, Vn G N. 
Jo 

Finally, we pass to the limit and we obtain / f(t, 9 0 )dt = 0. 

Jo 


□ 


So g(0 o ) = 0. Consequently, 9 0 is equal to 0, 9 g or 1 . We are now going to justify that 9 0 
is different of 0 et 1. 

Lemma 5.5. We have the following equality 

do = 9 g . 

Proof. Let us begin by showing that 0q is different from 0. We argue bwoc, supposing 
that 6*o = 0. So U n {t) := 9r n itT n ) converges uniformly to the null function on R and we 
have U' n = T n f(t, U n ), on R. We divide this equation by T n U n , then we integrate between 
0 and 1 


- KO) 

j u n (t) 


dt = 


So 


-[log((7„(l))-log(f/„(0))] = 

J- T). 


fit,Un{t )) 

U n {t) 

f 1 fit,U n {t)) - f{t, 0) 


dt, Vn G N. 

dt, Vn G N. 


Consequently 


-1 fjt, Unjt)) -fjt, 0) 
) U^t) ~ 0 


Unit) ~ 0 


dt = 0, Vn G N. 


We pass to the limit when n converges to infinity 

I f u (t,Q)dt = Q. 

Jo 

which contradicts the hypothesis (J3J). Consequently 9 0 ^ 0. To show that 6 0 is different 
from 1, the proof is similar but one has to divide by T n (U n — 1) instead of T n U n . □ 

The previous lemma implies that 9 g is the unique accumulation point of the sequence 
(Vr n )n- Consequently, the convergences in Lemma [5.21 and in Lemma [5.51 are not up to 
extraction of a subsequence, and we have 


Actually, we have even 


lim Ag f T n = —g\9 q ). 

T n ^0+ ^ 9 ’ 


K.r = -s'(o g ). 


(63) 


According to ([7]) and (E2D, we can define Tj > 0 such that A q t j t < 0 for all T G (0, Tf) 
and for all 9t solving fRTTTl . In other words, for all T G (0, Tf), if a the function t H- 9r(t) 
solves m, then it is an unstable equilibrium state and 6V(0) is an unstable hxed point 
of the Poincare map associated with / 1 . To finish the proof of Theorem 11.31 we are going 
to show the uniqueness of the hxed point in (0,1), for T G (0, Tf). 
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Lemma 5.6. Let 6 t and \E 't be two solutions of Problem (EU)- For all T G (0 ,Tf), we 
have 

^r(O) = v I / t( 0) (ze 6 t = Ty). 

Proof. Let T G (0 ,Tf). We define $t(q;) = Pt(ch) — a. Let us suppose bwoc that 
6 > t (0) 7^ 'hj , (0).We saw that 

f <3 >t(0t(O)) = 0, f < hr('hr(0)) = 0, 

\^t(0))>0, ^ \^(* T (0))>0. 

Necessarily, there exists «t between # T (0) and ^(O) such that = 0 and & t (o.t) < 

0. Consequently, Pt(cut) = and Pf(ax) < 1. This contradicts the fact that all fixed 
points of the Poincare map in (0,1) are unstable. □ 

To summarize, for all T G (0 ,Tf), the Poincare map associated with f 1 has a unique 
fixed point 6^(0) between 0 and 1, where 0t is the unique solution of Problem f|6ip . 
Furthermore, 0 T (O) - —°> 6 g . 


5.2 Convergence of the couple (cy, Ut) as T —> 0. 

We here prove Theorem 11.41 Let T G (0, Tf ) and M > 0. In [T], the couple (ct,Ut) is 
built as limit when M tends to infinity of the couple Ut , U?) solving 

'(UF) t - c¥(UF)z - (£^) k - f T (t , U¥) = 0, on R x (-M, M), 

UF(t, -M ) = 1, U¥(t, +M ) =0, Vf G R, 

* Ut (T, £) = U¥( 0,0, G [-M, M], 

u¥(o,o) = e g . 

We give a lemma which comes again from the article of Alikakos, Bates and Chen [I] 
which is going to serve us to bound the speeds ct- 

Lemma 5.7. [Tf Let M > 1 be a fixed constant. If(U,c) satisfies 


then, we have 


'U t - cU^ - U# - f T (t , U) < 0, on R x (—M, M), 
U(t,-M)< 1, U(t, +M) < 0, Vt G R, 

t/(T,0<^(0,0> V£g[-M,M], 

P(O,O)>0 9 , 


c 


M 

T 


< C. 


As / is of class C 1 (R x R, R), the function f u is bounded on [0,1] x [0,1]. Consequently, 
there exists a function / KPP and a function / the opposite of which is KPP such that 


fin) < f(t,u ) < f(u), V(t, u) G [0,1] x [0,1], 


There are planar fronts (c, U_) and (c, U) solving 


(U!' + cU' + fju) = 0 on R, 
< U_(— oo) = 1, f/(+oo) = 0, 

mo) = k 


(u" + cU' + f(U) = 0 on R, 
and < U(— oo) = 1, U(+ oo) = 0, 

bw = e g . 
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We can again obtain these couples from the limits when M tends to infinity of the couples 
(c M ,U M ) and ( c M ,U M ) solving 

f ( U M )" + c M ( U M y + l(U M ) = 0 on (—M, M), 
l U m (-M) = 1, U m (+M) = 0, 

[u M ( 0) = e g , 

[ (U M )" + c M (U M y + 7(U M ) = 0 on (—M, M), 

\ u m (-m) = i, u m (+m) = 0, 

(zJ M (0) = e g . 

For the detail of this construction, we can refer to the article of Berestycki and Chapuisat 
[3]. The next proposition supplies bounds for the speed Ct- 

Proposition 5.8. Let T e (0,7/). The speed ct satisfies 

c < ct < c. 


Proof. Let M > 1 and T e (0, T/). We are going to twice apply Lemma 15.71 We have on 
(—M, M) 

(U M ) t - (E7 m ) k - c M (U M )t: - f T (t,U M ) = l(U M ) - f T (t,U M ) < 0. 
Furthermore, = 1 , U_ m (+M ) = 0 and f/ M (0) = (9 g . Consequently 

< c M . 

We define the functions f T : R x [0,1] —> M, (t,u) H- —/ T (t, 1 — u) and V^ 1 : K x 
[— M, M] —* R, (t, £) i—^ 1 — U (t, —£). The couple (—c^ f , solves the problem 

'(^)t - (-# )(V™)s - (V t m )x ~ f T (t, V™) = 0, on R x (—M, M), 

v^(t, -M) = l, y/(t, +M) = 0 , vt e r, 

' v?(r,{) = r T M (o,0, v{ e 
vp (o, o) — i — 

Since the nonlinearity f T satishes the hypotheses of [1], Lemma o could be rewrites: 
Let M > 1 be a fixed constant. If (U, c) satisfies 


'U t - cU i - U# - f T (t, U)< 0, on R x (—M, M), 

U(t, —M) < 1, t/(t, +M) < 0, Vt G M, 

f/(T,O<^(0,O, vee[-M,M], 

C(0,0) > i-e g , 


then, we have 


Yet, defining V M (£) 


—Ct < c. 

1 — U M (—£), we have for all £ G (— M, M) 


vf (0 - F£(0 - (-c M ) vf (0 - f T (t,v M (0) 

= - {yf (-«) -!?«(-«) - c M i/f (-0} + / T (i,n"(-o) 
= f T (t,V M (-t))-J(U u (-Z))<0. 
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Furthermore, V M (—M) = 1, V M (+M) = 0 and V M (0) = 1 — 9 g . Consequently 

-<% < -c M . 


We thus showed that 

—M s' _M s' y/l/f \ 1 

c < c T < c , VM > 1. 

We pass to the limit when M tends to infinity, it occurs that c < Ct < c. □ 

Consequently, there exists a sequence ( T n ) n , with T n n -d + Py g such that (c^ n ) n converges 
to a constant c* G R. 


Proposition 5.9. The sequence (0r n )n converges up to extraction of a subsequence in 
W0 4,2 ,p (R 2 ) weakly and in C/ 0 ’“(R 2 ) to a function U* for any 1 < p < +oo and for any 
a G (0,1). 

Proof. U Tn is solution of ( U Tn )t - CT n (U Tn )s, - (U Tn )^ ~ f Tn {t, U Tn ) = 0 on R 2 and satisfies 
0 < Ur n < 1. Consequently, as is bounded in R and as ( f Tn ( •, UT„)) n is bounded in 

L£/ c (R 2 ), the parabolic- regularity theory implies that for 1 < p < +oo, (0r„)n is bounded 
in Wi c 2 ;p (R 2 ). Yet ^^^(R 2 ) embeds compactly into ^’“(R 2 ) for a G (0,1 — 2/p), for 
p > 2. So, there exists U* such that up to extraction of a subsequence, (Cr n ) n converges 
to U* in Wi c 2 ;p (R 2 ) weakly and in C[/"(R 2 ) for any 1 < p < +cx) and for any a G (0,1). □ 

Proposition 5.10. We have the following convergence result 

f Tn (•, Ut„) - ' - ^ + - °> g(U*) in V'(R 2 ) (up to extraction of a subsequence). 


Proof. We still denote (£%,)« the subsequence of (Pr„)n which converges to U*. Let 
0 G x M). There exist (a,b, £o,£i) £ M 4 such that the support of 0 is included in 

K = [a,b] x [£ 0 , 6 ]- So we have 


r+oo /»+oo 


/ £=—00 Jt =—00 

rt 1 r 


f Tn (t,u Tn (t,£))-g(u*m 0(00 ^ 


'£=£0 */t=a 


f ln (t,u Tn (t,0)-g(u*( 0 ) 0(00 dt df. 


Let (k n ,p n ) G N 2 such that [/c n T n ,p„T n ] C [a, 6 ], |a - 0 n T n | < T„ et | 6 -p n T n | < T„. 


n b - 

" 


f Tn (t,U Tn (t, 0) -9{U*(t)) 0(0 0 dt df = 


n k n T n 

__ 


+ 


n PnT n 
nTn 

J71 


+ 


/•ti r b 

'to J PnTn 

K„ 


The integrals J n et ih„ are treated in the same way: 

ftl rknTn r 


0 , = 


/£o J CL 

/ +00 /*+oo 

-00 J — 00 


/ 00 00000) -^(0)J 4>{t,x)dt df 

l[a,fcT„lx| £ .,£!](«.« - j(VK))l 0(t,C) dt d(. 


The quantity ^/ T ”(0 C/t „(0 0) — fl , (^*(0)J 0(0 0 i s bounded independently of n, t and £. 
So, by Lebesgue’s theorem, the integral tends to 0 when n tend to infinity. So 


lim I n = lim K n = 0. 

n—>-+oo n—>-+oo 
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Let us consider J n : 

Jn= r r Tn [f T ~(t,U T Jt,())-g(U’(m<P(t,Odtd( (s=0) 

J £.0 ^ knTn -L n 

r £1 rPn 

= T n / [f(s,U Tn (sT n ,0)-g(U*(0)]<KsT n ,0 ds d£ 

J £o J k n 

/■Ci Pn ~ ^ /■g+i 

= T n E / [f(s,U Tn (sT n ,0)-g(U*(0)}HsT n ,0dsdt 

J to q=k n J 1 
/'Ci p IiZ 1 /'> 

= T n E / [/(s + g,[/r„(sT n + gT n ,e))-^(C/*(e))]^r n + gr n ,e)d S ^ 

"'Co g=fe „"'o 
/■Ci ^ILZ 1 f 1 

= T n E / [/(s,t/T„(sT n ,0)-^(^(0)]^T n + gT„,0^de 

We split now the integral into two parts. 


1 / 6 [/(s, [/*(£)) -^*(O)]0(sT n + gT n ,O d£ ds 

-'Co 

v- ^ 

/1 
°n 

"'Co q=k n ® 

' -*-' 

Jl 

We study 

/•Ci P JW 1 r 1 

Tn E / [/(s,f/T„(sT n ,O)-/(5,f/*(O)]0(sT„ + gT n ,O ds d£ 

"'CO g=fc„"'0 

< T n (p n - fc n )||/ u || oo , [Oll ]2||0|| oo |^ r T„(sT n ,£) — £/*(£)| ds 

< |6-a|||/u||oo,[o,i]a||0||oo||£%» — u* I loo, [ 0 , 1 ] x [Co, Ci] 0 (according to Prop E2D • 

We study J*: 

Let £ > 0. By uniform continuity of the function 0, there exists 77 > 0 such that 

II (L 0 - ( s > OII < V => 100,0 - 00, O | < e. 

For n large enough, we have 

V? G [kniPn ~~ 1]) Vs G [0,1], Vfe[f 0 ,fi], ||(sT n + qT n ,£) - (gT„,f)|| < rj. 
Consequently, we have |0(sT n + qT n ,£) — <f>(qT n ,£)\ < e. We write then 



Jl 



f(s,U*(Z))-9(U*(0) 


0(sT„ + qT n , f) - < j)(qT n , f) 


ds d£ 


■v 



+ Tn 




f(s,U*(Z))-g(U*(0) 


<f>(qTn,£.) ds df. 
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1 0 L 

rl 


f(s,U*(£))-g(U*(0) 


'o L 


f(s,U*(£))-g(U*(£)) 


ds | df. 

ds = 0. Consequently = 0. 


We start with J„: 

r €i P -" 1 

4 4 = T n E HqTu, 0 
"To 

By definition of < 7 , we have 
We look now at 

/*£l ^ n_ ^ /‘l 

|^|<T n / E / |/(s,t/*(0)-s(t/*(0)l |0(sT n + gT n ,O-0(gT n ,ONs^. 

The quantity |/(s, !/*(£)) — g(C*(£))| is bounded by a constant M*. Consequently 
1^1 < (6 - Zo)T n ( Pn - k n )M*e < (6 - 6 )(6 - a)M*e. 

So, we proved that lim ff = 0. Consequently, we have lim ./' = 0, which concludes 

n —>-+oo n—>-+oo 

the proof. □ 

Proposition 5.11. The function U* is of class C 1 ’ 2 (R) and 

(■ U*) t - c*{U*)z - (U*)x - g(U*) = 0 on R 2 . 

Proof. We know that Ut„ is a function of class C 1 , 2 (R 2 ) satisfying the equation 

(U Tn )t ~ c n (U Tn )t - (U Tn )x - f T "(t, U Tn ) = 0, on R 2 . (64) 

We also know that (t/r„)n converges up to extraction of a subsequence to U* in W^ ,P (R 2 ), 
for any 1 < p < +oo. In particular, the convergence takes place for p = 2. Let 0 G C)( 0 (R 2 ). 


Multiplying Equation (IHT1) by </>, and integrating by parts on R 2 , we obtain 

■ L UTjt ■ c '!v (U tM + L {UtM( - L fT " (t ’ UtM= °- 


(65) 


We have 

Also 


U (fit 5; \\Ut„ u 11L 2 (Snpp(0)) 1111L 2 (Supp(</>)) 

— II^T n — U || W 1 ’ 2 ’ 2 (Supp(</>)) ||0t||L 2 (Supp(</>))- 

fp Ur M ^ f K AU')^ and f K ,{UrM ( ^ fjU')^. 
Furthermore, we showed in Lemma 15.101 that 

Consequently, if we pass to the limit as n —>■ +oo in flfiH]) . we have that 

- L u - c * / R » (tr ^ + - L s(t/ >=°- 

Consequently C* is a weak solution of the equation 

(U*) t - c*(U*)z - (If*)# - g(U*) = 0 on R 2 . 

By parabolic regularity theory, the function U* is in fact a function C 1 ' 2 (R 2 ), and it satisfies 
the previous equation in the classical sense on R 2 . □ 


32 













Proposition 5.12. The function U* does not depend on t. In other terms 

dtU*(t,£) = 0, VtGR, V(6 1 

Proof. Let (t, £) G R 2 and n G N. Let Ji be a compact set containing (£, £) and (0, £). 
According to the previous proposition, there exists Ck G R such that ||L r T„||c 1 . 2 (K) < Ck- 
Let k n E Z such that |t — fc n T n | < T n . We have 

The first and the third term of the previous inequality are smaller than \\U* — Ut„\\oo,k- 
Let us examine the second term of the sum above: 

\U Tn (t,0-U Tn (Q,0\ = \U Tn (t-k n T n ,Z)-U Tn (0,Z)\ < \\U T Jc^K)\t-k n T n \<C K T n . 
Passing to the limit when n tends to infinity, it occurs that 

u*(t,£) = u*( 0 , 0 - 


That is U* do not depend on t. 


□ 


Proposition 5.13. We have c* = c g and U* = U g . 

Proof. For all n > 0, we have Lby (0, 0) = 6 g . This thus implies that U*( 0) = 9 g . The 
couple (c*, U*) satisfies in the classical sense the equation (U*)" + c*(U*)' + g(U*) = 0 on 
R. We are now going to justify that U*(— oo) = 1 and that U*(+ oo) = 0. Knowing that 
U*( 0) = 9 g , it could be possible a priori that U* = 9 g . We are however going to show 
bwoc that this situation cannot occur. We thus suppose that U* = 9 g . As ( U < 0 on 
R, there exists a unique positive real number such that Ur n (0,€ n ) = We thus define 
the function V n : R 2 —> R by V n (t, f) = UT n (t,£ + f n ). Consequently, we have 


ju( 0,0) = |, 

lr„(«,0<f/r„(«,0onR 2 . 


( 66 ) 


The sequence (V n ) n converges up to extraction of a subsequence in ,P (R 2 ) weakly and 
in ^’"(R 2 ) for any 1 < p < +oo and for any a G (0,1) to a function V* G C 2 (R) satisfying 


(V*)"+ c*(V*)'+ g(V*) = 0 onR. 


(67) 


If we pass to the limit as n tends to the infinity in (1661) . we obtain that 

Jv(o) = h 

| V* < 9 g on R. 

Consequently, we have that V*(— oo) = 9 g and K*(+oo) = 0. We multiply (1671) by (V*)', 
then we integrate on R. It occurs that 

/ +oo r+oo rd„ 

kv)'k)M = - / si(n«)](n'm= / o. 

-oo J— oo JO 
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The same reasoning on the function W n defined by W n (t, f) = UT n (t, f + f n ) such that 
W n (0, 0) = ^r 2 - leads to the fact that c* has the same sign as Jg g g(s)ds, that is c* > 0. 
We get to a contradiction. The situation U* = 9 g can not occur. Consequently, U* is not 
identically equal in 9 g . Applying the strong maximum principle, one gets 

(U*)' < 0 on R. 

As 17* (0) = 9 g , we have necessarily U*(— oo) = 1 and U*(+ oo) = 0. To summarize, the 
couple (c*, U*) satisfies 

((U*)" + c*(U*y + g(U*) = 0 on R, 
j[/*(-oo) = l, U*(+ oo) = 0, 

Knowing that this problem admits a unique solution, il occurs that c* = c g and U* = U g . 

The uniqueness of accumulation point of (or n )n and ( UT n ) n imply that Ct - > c g and 

U T - —°> U g in W^ c 2;p (K 2 ) weakly and in ^’“(R 2 ) for any 1 < p < +oo and for any 
a €(0,1). □ 

6 Pulsating fronts for small perturbations of the non¬ 
linearity 

6.1 Existence of pulsating fronts 

This section is devoted to the proof of Theorems 11,51 and 11.61 We remind the reader that 
in this section, the Poincare map associated with the function f T has exactly two stable 
fixed points 0 and 1, and a unique unstable fixed point «o between both. According to 
[T], there exists a unique pulsating front (cr, Ut) solving ([5]) with Ut{ 0, 0) = a 0 . We call 
w 0 (t) the solution of the equation y’ = f T (t,y ) satisfying y{ 0) = a 0 . We saw in Section [2] 
that Wq is a T-periodic function. Furthermore, we have 

1 f T 

K 0 jt = J ' f u (s,w 0 (s))ds < 0. 

We give a corollary of the Gronwall lemma. 

Lemma 6.1. Let y : [a, b] —» M a function of class C 1 such that 

3a > 0, 3/3 > 0, V£€[a, 6], \y\t)\<f3 + a\y(t)\. 

So, we have 

Vt € [a, 6], \y(t)\ < \y(a)\e a{t - a) + ^\ e a{t ~ a) - 1). 

a 

Proof. For all t in [a, b\, we have 

\y(t)\ < \y{a) I + I y(t) - y{a)\ < \y(a)\ + f ||/'(s)|ds < \y(a)\ + @(t - a) + f |j/(s)|ds. 

J a J a 

We then apply the Gronwall lemma. □ 
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We denote by P £ (resp. P ) the Poincare map associated with f T ' £ (resp. f T ). We are 
going to show here that P £ (resp. P' £ ) converges uniformly on [0,1] to P (resp. P') when 
e tends to 0. Let us specify that according to PD, flgj), (191) and the mean value theorem, 
we have 

\f T (t,u) - f T>e (t,u)\ < w(e), V(f, u) G [0, T\ x [0,1]. (68) 

Proposition 6.2. There exists three constants C i, C '2 and C 3 such that for any e > 0, 
we have 


ll-P — -fe||oo,[o,i] < Ciu(e). (69) 

II P' - K||oo,[o,i] < C' 2 smh(C 3 a;(e)). (70) 

Proof. We show the first relation. Let a G [0,1] and e > 0. We define u e = w(a, •) — 
w £ (a,-). There exist two positive constants C and C' such that for any t G [0, T\, we have 

K(*)l = | f T (t,w(a,t)) - f T ’ £ (t,w £ (a,t))\ 

< | f T (t,w(a,t)) - f T (t,w s (a,t))\ + | f T (t,w s (a,t)) - f T ' £ (t,w £ (a,t))\ 

< C\u e (t)\ + C'u(e ) (by 


We apply Lemma 16.11 For all t G [0 ,T], we have \u E (t)\ < ^ ( e ct — 1). 


C' 


c 


Consequently, if we take t — T, and if we define C\ = — [e CT — 1), then we conclude 

\P(a)-P £ (a)\ <C' 1 o;(e). 

We show the second relation. Let a G [0,1] and £ > 0. 

Pfa) — P'(a) = e Jo fu(s,w(a,s)) d s _ e / 0 T ff’ £ (s,w s (a,s))ds 

= .. ,H,+r x 2 sink (1 If f^sMo.s)) - ! T u '( S ,w c ( a , S ))ds). 


(I) 


{II) 


Knowing that w E (a , •) G [0,1] and that fff’ £ is bounded independently of £ on [0, T] x [0.1] 
(because w £ is bounded), the term (/) can be bounded by a constant which we shall de¬ 
note C' 2 . Let us now consider the term (II) 

~ ( T f T 

( IJ )= / fl{s,w{a,s)) - fZ(s,w £ (a,s))ds+ / fff (s,w e (a, s)) - fff’ £ (s,w £ (a, s))ds. 

Jo Jo 

According to (1691) and the mean value theorem, there exists M > 0 such that 

fu ( s , w(a, s)) - fff(s,w £ (a,s)) < M\w(a,s ) -w e (a,s) \ < MCiU)(e). 
Furthermore, according to (J9|), we have 


Consequently, 


/J(s, w £ (a, s )) - /J’ £ (s, w e (a, s )) < u(e). 
(II) < (MCi + 1 )Tu(e). 


We dehne C 3 = (MC 1 + 1)T. Finally, we have 

P'(a) - P' £ (a) < C 2 sinh(C 3 a;(£)), 

and the proof of Proposition 16.21 is complete. □ 
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Proposition 6.3. There exists £$ > 0 small enough such that for all e G (0, £o), Pe has 
exactly two stable fixed, points 0 et 1 and a unique unstable fixed point a g G (0, 1). 

Proof. We begin by making some remarks on P. As P\ 0) < 1 (resp. P ; (l) < 1), by 
continuity there exists an interval [0,£o] (resp. [xi,l]) on which P' < 1 (resp. P' < 1). 
As P'(ot 0 ) > 1, there exists an interval [a 0 — rj, a 0 + rj] on which P' > 1. 

The properties of P above can be extend to P £ . Indeed, according to (ESP and (jTCTj) , there 
exists £o > 0 such that for any £ G (0, £o), P' £ < 1 on [0, ^o], P £ < 1 on [aq, 1], and P' E > 1 
on [o 0 — V, «o + Tj], Consequently, for £ G (0, £o), as P e (0) = P £ (l) = 0, the function P £ 
has necessarily another fixed point «q between both. 

Let £ G (0,£o). The function P e has no fixed point on [0,Xo] and on [aq,l]. We make 
the proof for [0,Xo]. Let a G [0,Xo]. According to Taylor-Lagrange’s formula, we have 
P e (a) = P e (0) + aP' e {a ), where a G [0,a] C [0,x 0 ]. According to the fact that P e (0) = 0 
and P' e (a) < 1, we have P e (a) < a. 

The function P e has no fixed point on [x 0 , «o — rj\ and on [a 0 + T ^l]- Indeed, we can find 
u 0 such that for any a G [x 0 , a 0 — rj], we have P(a) — a > u 0 . Consequently, according to 
(jnnP, even if it means setting £ 0 smaller, we can prove that for any a in [x 0 ,ao — v\, we 
have P e (a) — a > ! f. 

Finally, P £ has a unique fixed point (on [a 0 — rj, a 0 + 77]). Indeed, if there was others, we 
would have the existence of a point a\ for which P' £ (o>\) <1. It is contradictory to the 
fact that P' £ > 1 on [a 0 — rj, a 0 + rj\. □ 

Consequently, if e G (0, £ 0 ), then we are under the hypotheses of the existence and unique¬ 
ness theorem of Alikakos, Bates and Chen [Tj. In particular, there exists a pulsating front 
(E4,c e ) solving (HDD- 

6.2 Convergence of the couple (c e , U £ ) as £ -A 0. 

This subsection is devoted to the proof of Theorem 11.61 By Theorem 11.51 for £ G (0, £ 0 ), 
there exists a pulsating front ( U £ ,c £ ) solving ffTUj) . As in Section O we can show there 
exists a couple ( c*,U *) such that as £ —» 0, c £ converges to c* and U £ converges to U* 
in TFjoc’ P (R 2 ) weakly and in ^’"(R 2 ) for any 1 < p < +00 and any a G (0, 1). We prove 
then that (c*, U*) is solution, at first in the sense of distributions, but also in the classical 
sense of the equation 


(U*)t ~ c*(U*)s ~ (U*)x = fit , U*), on R 2 . 

We also have that U*(T , •) = U*( 0, •) on R, and U*( 0, 0) = a 0 . Consequently, if we prove 
that U*(-, — 00 ) = 1 and U*{-, + 00 ) = 0 uniformly on R, then the couple (c*, U*) solves 
Problem (JSj) with U*( 0,0) = ao- By uniqueness, we shall have c* = Ct and U* = Ut■ We 
can not prove this result in the same way as in Section El because here, we do not know 
the sign of ct ■ We use a technique which comes from Lemma 6.5 of |4] where they are 
interested in the exponential behavior of the front at infinity. After, we shall denote 

Ul(t)= lim 

£—>•±00 

Knowing that U*{ 0, 0) = iu 0 (0) and d^U* < 0, we have a priori that Uf = w 0 or Uf = 0. 
We suppose at first that Uf = w 0 . So, we have that U* > w$. Since the two functions 
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are equal on (0,0), the strong maximum principle implies that 


U*(t,£) = w 0 {t), Vt < 0, V^GR. 

By periodicity, the equality is also true when t is positive. Consequently U* = w 0 on R 2 . 
As d^U £ < 0, there exists a unique positive real number £ £ such that U e (Q,£ e ) = 9 f. We 
define the function V £ : R 2 —: > R by V £ (t,£) := U £ (t, £ + £ e ). We have so 

[K(0,0) = ^, 

W E <U E on R 2 , 

\d(V E < 0 on R 2 . 


We can show that V £ converges to a function V* in W^’ c 2;p (R 2 ) weakly and in C z 0 o ’“(R 2 ) for 
1 < p < +cx) and a G (0,1). Actually, V* is in C 1,2 (R 2 ) and satisfies in the classical sense 
d t V* — c*d(V* — dgV* = f T (t , V*) on R 2 . Furthermore, we have 

fno,o) = |. 

< V* < U* = w 0 on R 2 , 

[d^V* < 0 on R 2 . 


The last inequality is a consequence of the strong maximum principle. We define the 
function Z : R 2 —» R by Z(t, £) = uio(t) — V*(t,£). The function Z is positive and satisfies 


d t Z - c*d^Z - d it Z = a(t , £)Z on R 2 , 


where a{t,£) 


[ fMo (t))-/ r (t,^(t,Q) 

{ w 0 (t)-V*(t,£) 


if w 0 (t) ± V*(t,£), 
otherwise. 


We also have 

Z(t + T,£) — Z{t,£), Vt G R, V(GR. 

We are going to show that ^ is bounded on R 2 . Let (t,£) G R 2 . Standard parabolic 
estimates imply that there exists a constant C\ independent of (£, £) (because the function 
c is bounded) such that 


0 < Zt(t,£) < C\ max Z. 


(71) 


Furthermore, the parabolic Harnack’s inequality implies that there exists a constant £4 
independent of (t,£) (because the function c is bounded) such that 


max Z < C 2 Z(t + T, £) = C 2 Z(t, £). 

[t-Mx[£-u+i] - 


(72) 


Inequalities (T7D and (1721) imply that 




0 <-±(t,o<c 1 c 2 . 


z c 


Consequently limsup is a finite and non negative real number called f3. So, 

£— y —oo, ^ 


(73) 


there exists two sequences (t n ) n and (£ n ) n with £ n + ^°> —oo such that 

7 

lim -£(t n ,£ n )=p. 

n —>+oo /j 
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Let us note that we can show in the same way that the quotient — is bounded in R 2 . 
Let n G N. We write t n = k n T + t' n , where k n is an integer and t' n satishes \t' n \ < T. We 


define the function h r 


—>• R by 


hn(t,0 


z(t, g + £ n ) 

Z(t n ,£ n ) 


Let us show that the function h n is locally bounded. Let K be a compact set of R 2 , and 

MeK. 


|ln(Mt,0)l = I £ + &*)) - ln(Z(t n ,£ n ))\ 

= | In (Z(t + k n T,£ + £ n )) -ln(Z(t n ,f n ))| 

< ll(log(^))i|| 00 |^ - t' n \ + ||(log(Z)) ? || 00 |£|. 

Let us specify that ||(log(Z)) t || 00 and ||(log(Z))^|| 00 are well defined because the two 
quotients and ^ are bounded on R 2 . Consequently, the quantity above is bounded 
because (t,£) G K and \t' n \ < T. We have 

(h n )t ~ c*(h n )t - {h n )tt = ot n (t, i)h n on R 2 , (74) 


where a n (£, £) = 


Wo{t)-V*{t,£ + £ n ) 


The sequence (a n ) n is bounded by max( t;U ) e [ 0;T ] x [ 0i i] |/J| in L“ c (R 2 ) independently of n. 
Furthermore (h r 
to a function h in W^l' p 


is locally bounded. Consequently, we can show that (h n ) n converges 
2 ) weakly and in (^’“(R 2 ) for any 1 < p < +oo and for any 
a G (0,1). Actually, passing to the limit in the equation (1741) . h satishes (at first in the 
sense of distributions, but in fact in the classical sense using standard parabolic estimates) 


We have 


h 


ht ~ c*h£ - % = fl ( t , w 0 (t))h on R 2 . 

V£g 


c , _ Z(: 


yte 


As £ n 0, we have that 


(75) 


lim -l(t,£ + U) < hmsup := p, Vt G R, G 


n —^--(-oo Z 


So 


We also have 


Consequently 


lim 

n-s-oo fi 


£—>•—00 ; 

(h n )^ 


yte 


lim 


(hn)^ / _ tl^ 


™ A. ■(*•« = Vt£ 


G R. 

R, V^G 


yte 


g 


Furthermore, hrst we have that 


(h n )g u , , _ ^ . n-H-oo, 


>0, 
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and second, as (t' n ) n is bounded, it converges up to extraction of a subsequence to a 
constant t 0 G R. Consequently 


y(t 0 ,0) = f3. 


h 

The function — satisfies on R 2 the equation 
h 



A 


k- 




h 




So, applying the maximum principle and using the T-periodicity, we obtain that 


k(t ,0 = ph(t, 0, vt e r, ve g r. 

Consequently, there exists a T-periodic positive function T(£) such that 

h(t,£) = e?*r(t), VtGR, V(Gl. 

We put back the previous expression in (ITS]) , then we simplify by e^. We obtain 
r'(t) -Pc*T(t) ~(3 2 T(t) = fi(t,w 0 {t))T{t), Vt G R. 

We divide then by T(t) and we integrate between 0 and T 

rT p iff) rT 

l m dt ~ ' 3Tc * “ p2T = l 

a t r' it') 

According to the fact that f 0 dt = 0, we have 

/5 2 + c* (3 — A Wo jt = 0. 

Consequently, (3 is a a non negative root of X 2 + c*X + A Wo jt = 0. 

As d(U e < 0, there exists a unique negative such that £7 e (0, £ e ) = — . We define 

the function W £ : R 2 —» R by W £ (t, £) := U £ (t,x + We have 

fw £ (0,0) = ^±l, 

\W £ >U £ onR 2 , 

< 0 on R 2 . 

The function W £ converges to a function W* in W^’ c 2;p (R 2 ) weakly and in (^’"(R 2 ) for 
1 < p < +oo and a G (0,1). Furthermore, W* is in C 1,2 (R 2 ) and satisfies d t W* — 
c*d^W* - = f T {t , W*) on R 2 . Consequently, we have 

|vr(o,o) = ^4 

\ W* > U* = w 0 on R 2 , 

< 0 on R 2 . 

The fact that the last inequality is strict is a consequence of the strong maximum principle. 
We define Z(t,£) = w 0 (t ) — W*(t,£). We show using parabolic standards estimates and 
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the parabolic Harnack’s inequality that the the negative function is bounded on R 2 . 
Consequently lim sup ■=■(£,£) is a finite and a non positive real called 5. As previously, 

£—>■—00 ; 

we also demonstrate that 5 is a non positive root of X 2 +c*X — X wo jt. Finally, the product 
(35 is a non positive real number, but it is equal to —A W0 ,f T which is by hypothesis a positive 
real number. So, we have a contradiction, and the hypothetis U(_ = wq is not valid. So 
we have that U+ = 0. Consequently, we have U(_ = 1. Indeed, If it was not the case, we 
would have U*_ = w 0 . So we would have 

U*(t,0<w 0 (t), \/t G R, V(6R. 

Yet, the two functions are equal on (0, 0), so, by the strong maximum principle we would 
have 

U*(t,Z)=w Q {t), Vt < 0, V^GR. 

By periodicity, the equality would be true for all t G R. This would contradict the fact 
that Ui * = 0. 

So we have 

U*(-,— 00 ) — 1 and [/*(-, + 00 ) = 0, 
and the proof of Theorem 11.61 is complete. 
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